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iNtRodUCtioN
Deterministic factor analysis (DFA) is 
one of the directions of financial  and 
e co n o m i c  a n a l y s i s .  D FA i s  a i m e d  a t 
accurate and unambiguous determination 
of  quantitative influences that  affect 
changes of participating factor variables 
i n  m a t h e m a t i c a l l y  d e t e r m i n i s t i c 
(determinable) factor models on absolute 
change of the result indicator.

The type of factor model is determined 
by the type of mathematical dependence 
describing the relationship between the 
resulting indicator ( P ) and participating 
factor variables ( ,� ,� ,�a b c … ), by many authors 
factors for brevity.

The following types of factor models are 
identified in DFA practice:

•  additive —  P a b= + +… ;
•  multiplicative —  * *P a b= … ;

•  multiple (relative) —  a
P

b
= ,

 ,
a

P
b

c

=  
a

bP
c

= , 
a

bP
c

d

= ;

•  mixed (combination) models —  are a 
combination of additive, multiplicative and 
multiple models and can be: multiplicative-
multiple, additive- multiple or additive-
multiplicative-multiple models.

The distribution of absolute change 
of the resulting indicator ( P∆ ) by factor 
var iables  i s  based  on  the  work  of  a 
number of Russian and foreign authors, 
namely: S. М. Yugenburg [1], А. Humal [2], 
А. D. Sheremet [3], А. D. Sheremet, G. G. Dei 
and V. N. Shapovalov [4], V. E. Adamov [5], 
V. Fedorova and Yu. Egorov [6], М. I. Bakanov 
and А. D. Sheremet [7], S. V. Chebotarev 
[8], N. P. Lyubushin [9], N. Sh. Kremer [10], 
К. N. Lebedev [11], V. А. Prokofiev, V. V. Nosov, 
Т. V. Salomatina [12], G. V. Savitskaya [13], 
S. A. Ross, R. W. Westerfield and J. F. Jaffe 
[14], G. Foster [15], D. R. Emery, J. D. Finnerty 
and J. D. Stowe [16], J. J. Wild, L. A. Bernstein, 

K. R. Subramanyam [17], R. Brealey, S. Myers, 
F. Allen [18], V. Mitev [19] and others.

In DFA, the following methods are most 
used to quantify the influence of individual 
factors in a mathematically deterministic 
factor model: differential; coefficients; 
chain substitution; absolute differences; 
relative differences; equity participation; 
simple addition of an indelible balance; 
weighted finite differences; logarithmic; 
factor splitting; integral; index.

Each of the DFA methods has developed 
m e t h o d o l o g y, s p e c i f i c  a p p l i c a b i l i t y, 
o p p o r t u n i t i e s ,  a d v a n t a g e s  a n d 
disadvantages. All are described in detail in 
the scientific and educational literature in 
the field of DFA. Unfortunately, the above 
methods do not solve the accurate and 
unambiguous distribution of the so-called 

“indelible balance” between the influence of 
factor variables.

I n t e g r a t e d  a n d  c h a i n  s u b s t i t u t i o n 
methods are most commonly used in DFA. 
The essence, methodology, applicability, 
accuracy, advantages and disadvantages of 
both methods are presented in detail in the 
scientific and educational literature.

Chain substitution method has absolute 
versatility of application for all possible 
types of factor models, but does not provide 
accurate and unambiguous results, since 
the influence of individual factors depends 
on the sequence of substitutions of factor 
variables in the construction of factor 
chains. This is the only and insurmountable 
disadvantage of the chain substitution 
method, namely —  the ambiguous results 
for  individual  factor  influences when 
changing the order of the factor variables 
substitution. This disadvantage leads to the 
need to rank the factor variables, namely: it 
is necessary to accurately determine which 
of the factors involved in the factor model is 
primary, which is secondary, which is third 
in order, etc., which creates considerable 
difficulties for managers and financial 
analysts.
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Integrated method developed by a group of 
Russian scientists —  A. D. Sheremet, G. G. Dei, 
V. N. Shapovalov in 1971. It was developed for 
a limited number of types of factor models, 
namely: for all multiplicative ( � � �*� �*P a b= …) and 
for a limited number of multiple and additive- 
 
multiple: a

P
b

= ; a
P

b c
=

+ +…
, where: P  —  

resulting indicator in factor model; ,� ,�а b c  etc. 
are the participating factor variables in the 
factor model.

A s  d e s c r i b e d  i n  [ 2 0 ,  p .  9 7 ] :  “  I n 
multiplicative factor models, the integral 
method gives accurate and unambiguous 
results , but  for  a  l imited number  of 
multiples and additive-multiples models, 
the accurate of the results is compromised 
by using the function of natural logarithm 
in mathematical expressions to determine 
the influence of the factor a , i. e. factor in 

the numerator of the factor model, and then 
determine the influence of other factors 
in the factor models ( ,� ,�b c … ), as they are a 
function of no longer very clearly defined 
influence of the factor a ».

Two preceding articles in Bulgarian 
[20, 21] present the methodology, essence, 
advantages, disadvantages and results of 
the developed new DFA method, namely: 

“average method of chain substitution”. It 
has absolute versatility of application for 
all types of factor models, accurate and 
unambiguous results obtained to quantify 
the individual factor influence of factors 
involved in factor models.

The aims of this research —  are present 
the results of testing the methodology of the 
average method of chain substitution for the 
three-, four- multiples and multiplicative 
factor models and systematize in tabular 
f o r m  a l l  m a t h e m a t i c a l  e x p r e s s i o n s 

 

1. Determining the type of factor model 

2. Determining the number of factors in the factor model

3. Development of all possible combinations of consistency substitution of 
basic (planned) and actual values of factor variables in the factor model

4. Construction of factor chains and determination of individual and 
complex factor influences of participating factors in factor model for each 

possible combination of consistent substitution of factor variables

5. Expression of the arithmetic mean value of the individual factor 
influence of change of each participating variable from all possible 

combinations of consistency substitution of basic (planned) and actual 
values of factor variables in construction of factor chains

6. Inference of dependence of mathematical individual factor influence of 
participating factors on each factor variable from the factor model

Fig. stages of the averaged method of chain substitutions
Source: Mitev V. [20].
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developed so far to determine the influence 
of individual factors in different types of 
factor models.

ReseaRCh Methods 
AND METHODOLOGY  

oF the aVeRaGe Method oF ChaiN 
sUbstitUtioN

The following methods were used: critical 
analysis;  synthesis;  dialectic method; 
combinatorics; averaging method; average 
method of chain substitution.

The main steps of the methodology of the 
average method of chain substitution are 
presented on Figure.

The essence of the methodology of the 
average method of chain substitution is 
based on the derivation of all mathematical 
expressions to determine the influence of 
individual factors by the method of chain 
substitution for each possible combination of 
the sequence of basic (planned) substitution 
and actual values of factor variables in the 

analytic factor model. The number of possible 
combinations is !N n= , where n —  number 
of participating factor variables in the 
factor model. The resulting mathematical 
expressions for the influence of individual 
factors are averaged as they are summed 
and divided by the number of possible 
combinations of the sequence of substitution 
of factor variables ( !N n= ). The resulting 
mathematical expression for the influence 
of an individual factor is subjected to 
m a t h e m a t i c a l  t r a n s fo r m a t i o n s  a n d 
reduction by inferring simplified analytical 
dependencies for quantifying the influence 
of a variable factor on the absolute change of 
a resulting indicator. This procedure applies 
to each factor variable of the analytic factor 
model.

Ave r a g i n g  r e ce i ve d  m a t h e m a t i c a l 
expressions to determine the influence of 
individual factors by chain substitution 
for each possible combination of order 
of substitution of factor variables in the 

Factor model
Influence of the factor 𝑎𝑎,

∆𝑃𝑃(𝑎𝑎)
Influence of the factor 𝑏𝑏,

∆𝑃𝑃(𝑏𝑏)
Influence of the factor 𝑐𝑐,

∆𝑃𝑃(𝑐𝑐)
Influence of the factor 𝑑𝑑,

∆𝑃𝑃(𝑑𝑑)
Multiple (relative) factor models

𝑃𝑃 = 𝑎𝑎𝑏𝑏
𝑐𝑐
= 𝑎𝑎 ∗ 𝑐𝑐𝑏𝑏

∆𝑎𝑎
6 (

2𝑐𝑐0 + 𝑐𝑐1
𝑏𝑏0

+ 2𝑐𝑐1 + 𝑐𝑐0𝑏𝑏1
) 1

6
(

 
 
2(𝑎𝑎1𝑐𝑐1 + 𝑎𝑎0𝑐𝑐0) + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1

𝑏𝑏1
− 2
(𝑎𝑎1𝑐𝑐1 + 𝑎𝑎0𝑐𝑐0) + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1

𝑏𝑏0 )

 
 ∆𝑐𝑐

6 (
2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0

+ 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1
) -

𝑃𝑃 =
𝑎𝑎
𝑏𝑏
𝑐𝑐 =

𝑎𝑎
𝑏𝑏 ∗ 𝑐𝑐

1
6 (
2∆𝑎𝑎
𝑏𝑏0𝑐𝑐0

+ 2∆𝑎𝑎𝑏𝑏1𝑐𝑐1
+ ∆𝑎𝑎
𝑏𝑏1𝑐𝑐0

+ ∆𝑎𝑎
𝑏𝑏0𝑐𝑐1

) 1
6
(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0
+2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐0

− 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏0𝑐𝑐1 )

 1
6
(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0
+ 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐1

− 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1𝑐𝑐0 )

 -

𝑃𝑃 =
𝑎𝑎
𝑏𝑏
𝑐𝑐
𝑑𝑑
= 𝑎𝑎 ∗ 𝑑𝑑𝑏𝑏 ∗ 𝑐𝑐

∆𝑎𝑎
12
(

 
 
3𝑑𝑑0 + 𝑑𝑑1
𝑏𝑏0𝑐𝑐0

+ 3𝑑𝑑1 + 𝑑𝑑0𝑏𝑏1𝑐𝑐1
+𝑑𝑑0 + 𝑑𝑑1𝑏𝑏0𝑐𝑐1

+ 𝑑𝑑0 + 𝑑𝑑1𝑏𝑏1𝑐𝑐0 )

 
 1

12

(

 
 
 
 
 
 
3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1

𝑏𝑏1𝑐𝑐1
−3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐0
+3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏1𝑐𝑐0
−3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐1 )

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 
3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1

𝑏𝑏1𝑐𝑐1
−3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐0
+3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐1
−3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏1𝑐𝑐0 )

 
 
 
 
 
 

∆𝑑𝑑
12
(

 
3𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0𝑐𝑐0

+ 3𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1
+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐1

+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐0 )

 

Multiplicative-multiple models

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏𝑐𝑐
∆𝑎𝑎
6 (

2𝑏𝑏0 + 𝑏𝑏1
𝑐𝑐0

+ 2𝑏𝑏1 + 𝑏𝑏0𝑐𝑐1
) ∆𝑏𝑏

6 (
2𝑎𝑎0 + 𝑎𝑎1
𝑐𝑐0

+ 2𝑎𝑎1 + 𝑎𝑎0𝑐𝑐1
) 1

6
(

 
 
2(𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0) + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1

𝑐𝑐1
− 2
(𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0) + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1

𝑐𝑐0 )

 
 

-

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑐𝑐𝑑𝑑
∆𝑎𝑎
12
(

 
 
3𝑏𝑏0𝑐𝑐0 + 𝑏𝑏1𝑐𝑐0 + 𝑏𝑏0𝑐𝑐1 + 𝑏𝑏1𝑐𝑐1

𝑑𝑑0
+

3𝑏𝑏1𝑐𝑐1 + 𝑏𝑏1𝑐𝑐0 + 𝑏𝑏0𝑐𝑐1 + 𝑏𝑏0𝑐𝑐0
𝑑𝑑1 )

 
 ∆𝑏𝑏

12
(

 
3𝑎𝑎0𝑐𝑐0 + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1 + 𝑎𝑎1𝑐𝑐1

𝑑𝑑0
+

3𝑎𝑎1𝑐𝑐1 + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1 + 𝑎𝑎0𝑐𝑐0
𝑑𝑑1 )

 ∆𝑐𝑐
12
(

 
 
3𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1 + 𝑎𝑎1𝑏𝑏1

𝑑𝑑0
+

3𝑎𝑎1𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0
𝑑𝑑1 )

 
 1

12

(

 
 
 
 
 
 
3(𝑎𝑎0𝑏𝑏0𝑐𝑐0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐1) + 𝑎𝑎1𝑏𝑏1𝑐𝑐0 +
𝑎𝑎1𝑏𝑏0𝑐𝑐1 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1 +

𝑎𝑎0𝑏𝑏1𝑐𝑐0 + 𝑎𝑎0𝑏𝑏0𝑐𝑐1
𝑑𝑑1

+

+

3(𝑎𝑎0𝑏𝑏0𝑐𝑐0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐1) + 𝑎𝑎1𝑏𝑏1𝑐𝑐0 +
𝑎𝑎1𝑏𝑏0𝑐𝑐1 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1 +

𝑎𝑎0𝑏𝑏1𝑐𝑐0 + 𝑎𝑎0𝑏𝑏0𝑐𝑐1
𝑑𝑑0 )

 
 
 
 
 
 

Table 1
New formulas for determining the individual factor influences by the averaged method of chain 

substitutions

Source: author’s development.
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factor model means, that the probability 
of occurrence of each possible consistency 
of substitutions of factor variables —  is 
the same. Here we get a result that allows 
the same probability of  occurrence of 

each possible combination of substitution 
consistency of factors in construction of 
factor chains. There is no need to rank the 
factors involved in the factor model, resulting 
in unambiguous results for factor influences.

Factor model
Influence of the factor 𝑎𝑎,

∆𝑃𝑃(𝑎𝑎)
Influence of the factor 𝑏𝑏,

∆𝑃𝑃(𝑏𝑏)
Influence of the factor 𝑐𝑐,

∆𝑃𝑃(𝑐𝑐)
Influence of the factor 𝑑𝑑,

∆𝑃𝑃(𝑑𝑑)
Multiplicative factor models

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏 ∆𝑎𝑎
2 (𝑏𝑏0 + 𝑏𝑏1)

∆𝑏𝑏
2 (𝑎𝑎0 + 𝑎𝑎1) − −

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑐𝑐 ∆𝑎𝑎
3 (𝑏𝑏0. 𝑐𝑐0 + 𝑏𝑏1. 𝑐𝑐1 +

𝑏𝑏1. 𝑐𝑐0 + 𝑏𝑏0. 𝑐𝑐1
2 ) ∆𝑏𝑏

3 (𝑎𝑎0. 𝑐𝑐0 + 𝑎𝑎1. 𝑐𝑐1 +
𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0. 𝑐𝑐1

2 ) ∆𝑐𝑐
3 (𝑎𝑎0. 𝑏𝑏0 + 𝑎𝑎1. 𝑏𝑏1 +

𝑎𝑎1. 𝑏𝑏0 + 𝑎𝑎0. 𝑏𝑏1
2 ) −

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑐𝑐 ∗ 𝑑𝑑

∆𝑎𝑎
4 (𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑0 + 𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑1) +

∆𝑎𝑎
12 (

𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑0 + 𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑0 +
𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑1 + 𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑0 +
𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑1 + 𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑1

)

∆𝑏𝑏
4 (𝑎𝑎0. 𝑐𝑐0. 𝑑𝑑0 + 𝑎𝑎1. 𝑐𝑐1. 𝑑𝑑1) +

∆𝑏𝑏
12 (

𝑎𝑎1. 𝑐𝑐0. 𝑑𝑑0 + 𝑎𝑎0. 𝑐𝑐1. 𝑑𝑑0 +
𝑎𝑎0. 𝑐𝑐0. 𝑑𝑑1 + 𝑎𝑎1. 𝑐𝑐1. 𝑑𝑑0 +
𝑎𝑎1. 𝑐𝑐0. 𝑑𝑑1 + 𝑎𝑎0. 𝑐𝑐1. 𝑑𝑑1

)

∆𝑐𝑐
4 (𝑎𝑎0. 𝑏𝑏0. 𝑑𝑑0 + 𝑎𝑎1. 𝑏𝑏1. 𝑑𝑑1) +

∆𝑐𝑐
12(

𝑎𝑎1. 𝑏𝑏0. 𝑑𝑑0 + 𝑎𝑎0. 𝑏𝑏1. 𝑑𝑑0 +
𝑎𝑎0. 𝑏𝑏0. 𝑑𝑑1 + 𝑎𝑎1. 𝑏𝑏1. 𝑑𝑑0 +
𝑎𝑎1. 𝑏𝑏0. 𝑑𝑑1 + 𝑎𝑎0. 𝑏𝑏1. 𝑑𝑑1

)

∆𝑑𝑑
4 (𝑎𝑎0. 𝑏𝑏0. 𝑐𝑐0 + 𝑎𝑎1. 𝑏𝑏1. 𝑐𝑐1) +

∆𝑑𝑑
12 (

𝑎𝑎1. 𝑏𝑏0. 𝑐𝑐0 + 𝑎𝑎0. 𝑏𝑏1. 𝑐𝑐0 +
𝑎𝑎0. 𝑏𝑏0. 𝑐𝑐1 + 𝑎𝑎1. 𝑏𝑏1. 𝑐𝑐0 +
𝑎𝑎1. 𝑏𝑏0. 𝑐𝑐1 + 𝑎𝑎0. 𝑏𝑏1. 𝑐𝑐1

)

Multiple (relative) factor models

𝑃𝑃 = 𝑎𝑎𝑏𝑏
1
2 (
∆𝑎𝑎
𝑏𝑏0
+ ∆𝑎𝑎𝑏𝑏1

) 1
2 (
𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1

− 𝑎𝑎1 + 𝑎𝑎0𝑏𝑏0
) − −

𝑃𝑃 = 𝑎𝑎𝑏𝑏
𝑐𝑐
= 𝑎𝑎 ∗ 𝑐𝑐𝑏𝑏

∆𝑎𝑎
6 (

2𝑐𝑐0 + 𝑐𝑐1
𝑏𝑏0

+ 2𝑐𝑐1 + 𝑐𝑐0𝑏𝑏1
) 1

6
(

 
 
2(𝑎𝑎1𝑐𝑐1 + 𝑎𝑎0𝑐𝑐0) + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1

𝑏𝑏1
− 2
(𝑎𝑎1𝑐𝑐1 + 𝑎𝑎0𝑐𝑐0) + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1

𝑏𝑏0 )

 
 ∆𝑐𝑐

6 (
2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0

+ 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1
) -

𝑃𝑃 =
𝑎𝑎
𝑏𝑏
𝑐𝑐 =

𝑎𝑎
𝑏𝑏 ∗ 𝑐𝑐

1
6 (
2∆𝑎𝑎
𝑏𝑏0𝑐𝑐0

+ 2∆𝑎𝑎𝑏𝑏1𝑐𝑐1
+ ∆𝑎𝑎
𝑏𝑏1𝑐𝑐0

+ ∆𝑎𝑎
𝑏𝑏0𝑐𝑐1

) 1
6
(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0
+ 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐0

− 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏0𝑐𝑐1 )

 1
6
(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0
+2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐1

− 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1𝑐𝑐0 )

 -

𝑃𝑃 =
𝑎𝑎
𝑏𝑏
𝑐𝑐
𝑑𝑑
= 𝑎𝑎 ∗ 𝑑𝑑𝑏𝑏 ∗ 𝑐𝑐

∆𝑎𝑎
12
(

 
 
3𝑑𝑑0 + 𝑑𝑑1
𝑏𝑏0𝑐𝑐0

+ 3𝑑𝑑1 + 𝑑𝑑0𝑏𝑏1𝑐𝑐1
+𝑑𝑑0 + 𝑑𝑑1𝑏𝑏0𝑐𝑐1

+ 𝑑𝑑0 + 𝑑𝑑1𝑏𝑏1𝑐𝑐0 )

 
 1

12

(

 
 
 
 
 
 
3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1

𝑏𝑏1𝑐𝑐1
− 3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐0
+ 3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏1𝑐𝑐0
− 3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐1 )

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 
3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1

𝑏𝑏1𝑐𝑐1
− 3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐0
+ 3𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑1 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏0𝑐𝑐1
− 3𝑎𝑎1𝑑𝑑1 + 𝑎𝑎0𝑑𝑑0 + 𝑎𝑎1𝑑𝑑0 + 𝑎𝑎0𝑑𝑑1𝑏𝑏1𝑐𝑐0 )

 
 
 
 
 
 

∆𝑑𝑑
12
(

 
3𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0𝑐𝑐0

+ 3𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1
+𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐1

+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐0 )

 

Multiplicative-multiple models

𝑃𝑃 = 𝑎𝑎
𝑏𝑏 ∗ 𝑐𝑐

1
6 (
2∆𝑎𝑎
𝑏𝑏0𝑐𝑐0

+ 2∆𝑎𝑎𝑏𝑏1𝑐𝑐1
+ ∆𝑎𝑎
𝑏𝑏1𝑐𝑐0

+ ∆𝑎𝑎
𝑏𝑏0𝑐𝑐1

) 1
6
(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0
+ 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐0

− 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏0𝑐𝑐1 )

 1
6
(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0
+2𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0𝑐𝑐1

− 2𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1𝑐𝑐0 )

 −

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏𝑐𝑐  
∆𝑎𝑎
6 (

2𝑏𝑏0 + 𝑏𝑏1
𝑐𝑐0

+ 2𝑏𝑏1 + 𝑏𝑏0𝑐𝑐1
) ∆𝑏𝑏

6 (
2𝑎𝑎0 + 𝑎𝑎1
𝑐𝑐0

+ 2𝑎𝑎1 + 𝑎𝑎0𝑐𝑐1
) 1

6
(

 
 
2(𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0) + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1

𝑐𝑐1
− 2
(𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0) + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1

𝑐𝑐0 )

 
 

-

𝑃𝑃 = 𝑎𝑎
𝑏𝑏 ∗ 𝑐𝑐 ∗ 𝑑𝑑

∆𝑎𝑎
12

(

 
 
 
 
 
 

3
𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑0

+ 3
𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑1

+ 1
𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑0

+ 1
𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑0

+ 1
𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑1

+ 1
𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑0

+ 1
𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑1

+ 1
𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑1)

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 
3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑1

− 3. 𝑎𝑎1 + 𝑎𝑎0𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑1
+3. 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑0

− 3. 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑0
+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑0

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑1
− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑1 )

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 
3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑1

− 3. 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑0
+ 3. 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑0

− 3. 𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑1
+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑0

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑1
− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑1 )

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 
3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑1

− 3. 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑0
+ 3. 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0. 𝑐𝑐0. 𝑑𝑑1

− 3. 𝑎𝑎1 + 𝑎𝑎0𝑏𝑏1. 𝑐𝑐1. 𝑑𝑑0
+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑1

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0. 𝑐𝑐1. 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑1
− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1. 𝑐𝑐0. 𝑑𝑑0 )

 
 
 
 
 
 

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏 ∗ 𝑐𝑐𝑑𝑑
∆𝑎𝑎
12
(

 
 
3. 𝑏𝑏0𝑐𝑐0 + 𝑏𝑏1𝑐𝑐0 + 𝑏𝑏0𝑐𝑐1 + 𝑏𝑏1𝑐𝑐1

𝑑𝑑0
+

3. 𝑏𝑏1𝑐𝑐1 + 𝑏𝑏1𝑐𝑐0 + 𝑏𝑏0𝑐𝑐1 + 𝑏𝑏0𝑐𝑐0
𝑑𝑑1 )

 
 ∆𝑏𝑏

12
(

 
3. 𝑎𝑎0𝑐𝑐0 + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1 + 𝑎𝑎1𝑐𝑐1

𝑑𝑑0
+

3. 𝑎𝑎1𝑐𝑐1 + 𝑎𝑎1𝑐𝑐0 + 𝑎𝑎0𝑐𝑐1 + 𝑎𝑎0𝑐𝑐0
𝑑𝑑1 )

 ∆𝑐𝑐
12
(

 
 
3. 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1 + 𝑎𝑎1𝑏𝑏1

𝑑𝑑0
+

3. 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0
𝑑𝑑1 )

 
 1

12

(

 
 
 
 
 
 
3(𝑎𝑎0𝑏𝑏0𝑐𝑐0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐1) + 𝑎𝑎1𝑏𝑏1𝑐𝑐0 +
𝑎𝑎1𝑏𝑏0𝑐𝑐1 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1 +

𝑎𝑎0𝑏𝑏1𝑐𝑐0 + 𝑎𝑎0𝑏𝑏0𝑐𝑐1
𝑑𝑑1

+

+

3(𝑎𝑎0𝑏𝑏0𝑐𝑐0 + 𝑎𝑎1𝑏𝑏1𝑐𝑐1) + 𝑎𝑎1𝑏𝑏1𝑐𝑐0 +
𝑎𝑎1𝑏𝑏0𝑐𝑐1 + 𝑎𝑎1𝑏𝑏0𝑐𝑐0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1 +

𝑎𝑎0𝑏𝑏1𝑐𝑐0 + 𝑎𝑎0𝑏𝑏0𝑐𝑐1
𝑑𝑑0 )

 
 
 
 
 
 

𝑃𝑃 = 𝑎𝑎 ∗ 𝑏𝑏𝑐𝑐 ∗ 𝑑𝑑
∆𝑎𝑎
12
(

 
 
3. 𝑏𝑏0 + 𝑏𝑏1
𝑐𝑐0𝑑𝑑0

+ 3. 𝑏𝑏1 + 𝑏𝑏0𝑐𝑐1𝑑𝑑1
+𝑏𝑏0 + 𝑏𝑏1𝑐𝑐0𝑑𝑑1

+ 𝑏𝑏0 + 𝑏𝑏1𝑐𝑐1𝑑𝑑0 )

 
 ∆𝑏𝑏

12
(

 
3. 𝑎𝑎0 + 𝑎𝑎1
𝑐𝑐0𝑑𝑑0

+ 3. 𝑎𝑎1 + 𝑎𝑎0𝑐𝑐1𝑑𝑑1
+ 𝑎𝑎0 + 𝑎𝑎1𝑐𝑐0𝑑𝑑1

+ 𝑎𝑎0 + 𝑎𝑎1𝑐𝑐1𝑑𝑑0 )

 1
12

(

 
 
 
 
 
 
3. 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1

𝑐𝑐1𝑑𝑑1
− 3. 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐0𝑑𝑑0
+ 3. 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1𝑑𝑑0
− 3. 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐0𝑑𝑑1 )

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 
3. 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1

𝑐𝑐1𝑑𝑑1
− 3. 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐0𝑑𝑑0
+ 3, 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐0𝑑𝑑1
− 3, 𝑎𝑎1𝑏𝑏1 + 𝑎𝑎0𝑏𝑏0 + 𝑎𝑎1𝑏𝑏0 + 𝑎𝑎0𝑏𝑏1𝑐𝑐1𝑑𝑑0 )

 
 
 
 
 
 

Table 2
systematization of factor models and formulas  

for determining the individual factor influences by the averaged method of chain substitutions

MatheMatiCal aNd iNstRUMeNtal Methods iN eCoNoMiCs
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The assumption of the average method of 
chain substitution is as follows. The period 
under analysis is examined discretely, i. e. in 
two moments 0T  and  1T  (the beginning of the 
base or planning period and the end of the 
reporting period), and the change of factor 
variables during the period 0T  —  1T  happen 

at the same time, i. e. the resulting indicator 
( Р ) in the interval of variation ( 1 0Р P P∆ = − ) 
changes at a constant speed, i. e. direct. This 
assumption is similar to the integral method, 
the third variant of the simple addition of 
an indelible balance and the weighted finite 
differences methods.

Factor 
model

Influence of the factor 𝑎𝑎,
∆𝑃𝑃(𝑎𝑎)

Influence of the factor 𝑏𝑏,
∆𝑃𝑃(𝑏𝑏)

Influence of the factor 𝑐𝑐,
∆𝑃𝑃(𝑐𝑐)

Influence of the factor 𝑑𝑑,
∆𝑃𝑃(𝑑𝑑)

Multiplicative-multiple models

𝑃𝑃 = 𝑎𝑎
𝑏𝑏 + 𝑐𝑐

1
6

(

 
2∆𝑎𝑎

𝑏𝑏0 + 𝑐𝑐0
+ 2∆𝑎𝑎

𝑏𝑏1 + 𝑐𝑐1
+

∆𝑎𝑎
𝑏𝑏1 + 𝑐𝑐0

+ ∆𝑎𝑎
𝑏𝑏0 + 𝑐𝑐1 )

 1
6

(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐1

+ 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐0

−
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏0 + 𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 )

 1
6

(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐1

+ 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐1

−
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐0

− 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 )

 −

𝑃𝑃 = 𝑎𝑎
𝑏𝑏 − 𝑐𝑐

1
6

(

 
2∆𝑎𝑎

𝑏𝑏0 − 𝑐𝑐0
+ 2∆𝑎𝑎

𝑏𝑏1 − 𝑐𝑐1
+

∆𝑎𝑎
𝑏𝑏1 − 𝑐𝑐0

+ ∆𝑎𝑎
𝑏𝑏0 − 𝑐𝑐1 )

 1
6

(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 − 𝑐𝑐1

+ 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 − 𝑐𝑐0

−
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏0 − 𝑐𝑐1

− 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 − 𝑐𝑐0 )

 1
6

(

 
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 − 𝑐𝑐1

+ 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 − 𝑐𝑐1

−
2𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 − 𝑐𝑐0

− 2𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 − 𝑐𝑐0 )

 −

𝑃𝑃 = 𝑎𝑎 + 𝑏𝑏
𝑐𝑐

1
2 (∆𝑎𝑎

𝑐𝑐0
+ ∆𝑎𝑎

𝑐𝑐1
) 1

2 (∆𝑏𝑏
𝑐𝑐0

+ ∆𝑏𝑏
𝑐𝑐1

) 1
2

(

 
 

𝑎𝑎1 + 𝑎𝑎0 + 𝑏𝑏1 + 𝑏𝑏0
𝑐𝑐1

−
𝑎𝑎1 + 𝑎𝑎0 + 𝑏𝑏1 + 𝑏𝑏0

𝑐𝑐0 )

 
 

−

𝑃𝑃 = 𝑎𝑎 − 𝑏𝑏
𝑐𝑐

1
2 (∆𝑎𝑎

𝑐𝑐0
+ ∆𝑎𝑎

𝑐𝑐1
) 1

2 (𝑏𝑏0 − 𝑏𝑏1
𝑐𝑐0

+ 𝑏𝑏0 − 𝑏𝑏1
𝑐𝑐1

) 1
2

(

 
 

𝑎𝑎1 + 𝑎𝑎0 − 𝑏𝑏1 − 𝑏𝑏0
𝑐𝑐1

+
𝑏𝑏1 + 𝑏𝑏0 − 𝑎𝑎1 − 𝑎𝑎0

𝑐𝑐0 )

 
 

−

𝑃𝑃 = 𝑎𝑎 + 𝑏𝑏
𝑐𝑐 + 𝑑𝑑

1
6

(

 
2∆𝑎𝑎

𝑐𝑐0 + 𝑑𝑑0
+ 2∆𝑎𝑎

𝑐𝑐1 + 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐0 + 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐1 + 𝑑𝑑0)

 1
6

(

 
 

2∆𝑏𝑏
𝑐𝑐0 + 𝑑𝑑0

+ 2∆𝑏𝑏
𝑐𝑐1 + 𝑑𝑑1

+ ∆𝑏𝑏
𝑐𝑐0 + 𝑑𝑑1

+ ∆𝑏𝑏
𝑐𝑐1 + 𝑑𝑑0)

 
 1

6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)

𝑐𝑐1+𝑑𝑑1

−2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐0+𝑑𝑑0

+2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐1 + 𝑑𝑑0

−2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)
𝑐𝑐0 + 𝑑𝑑1 ]

 
 
 
 
 
 
 
 

1
6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)

𝑐𝑐1+𝑑𝑑1

−2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐0+𝑑𝑑0

+2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐0 + 𝑑𝑑1

−2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)
𝑐𝑐1 + 𝑑𝑑0 ]

 
 
 
 
 
 
 
 

𝑃𝑃 = 𝑎𝑎 − 𝑏𝑏
𝑐𝑐 − 𝑑𝑑

1
6

(

 
2∆𝑎𝑎

𝑐𝑐0 − 𝑑𝑑0
+ 2∆𝑎𝑎

𝑐𝑐1 − 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐0 − 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐1 − 𝑑𝑑0)

 −1
6

(

 
 

2∆𝑏𝑏
𝑐𝑐0 − 𝑑𝑑0

+ 2∆𝑏𝑏
𝑐𝑐1 − 𝑑𝑑1

+ ∆𝑏𝑏
𝑐𝑐0 − 𝑑𝑑1

+ ∆𝑏𝑏
𝑐𝑐1 − 𝑑𝑑0)

 
 1

6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)

𝑐𝑐1−𝑑𝑑1

−2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐0−𝑑𝑑0

+2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐1 − 𝑑𝑑0

−2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)
𝑐𝑐0 − 𝑑𝑑1 ]

 
 
 
 
 
 
 
 

1
6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)

𝑐𝑐1−𝑑𝑑1

−2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐0−𝑑𝑑0

+2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐0 − 𝑑𝑑1

−2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)
𝑐𝑐1 − 𝑑𝑑0 ]

 
 
 
 
 
 
 
 

𝑃𝑃 = 𝑎𝑎 + 𝑏𝑏
𝑐𝑐 − 𝑑𝑑

1
6

(

 
2∆𝑎𝑎

𝑐𝑐0 − 𝑑𝑑0
+ 2∆𝑎𝑎

𝑐𝑐1 − 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐0 − 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐1 − 𝑑𝑑0)

 1
6

(

 
 

2∆𝑏𝑏
𝑐𝑐0 − 𝑑𝑑0

+ 2∆𝑏𝑏
𝑐𝑐1 − 𝑑𝑑1

+ ∆𝑏𝑏
𝑐𝑐0 − 𝑑𝑑1

+ ∆𝑏𝑏
𝑐𝑐1 − 𝑑𝑑0)

 
 1

6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)

𝑐𝑐1+𝑑𝑑1

−2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐0+𝑑𝑑0

+2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐1 + 𝑑𝑑0

−2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)
𝑐𝑐0 + 𝑑𝑑1 ]

 
 
 
 
 
 
 
 

1
6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)

𝑐𝑐1−𝑑𝑑1

−2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐0+𝑑𝑑0

+2(𝑎𝑎0 + 𝑏𝑏0) + (𝑎𝑎1 + 𝑏𝑏1)
𝑐𝑐0 − 𝑑𝑑1

−2(𝑎𝑎1 + 𝑏𝑏1) + (𝑎𝑎0 + 𝑏𝑏0)
𝑐𝑐1 − 𝑑𝑑0 ]

 
 
 
 
 
 
 
 

𝑃𝑃 = 𝑎𝑎 − 𝑏𝑏
𝑐𝑐 + 𝑑𝑑

1
6

(

 
2∆𝑎𝑎

𝑐𝑐0 + 𝑑𝑑0
+ 2∆𝑎𝑎

𝑐𝑐1 + 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐0 + 𝑑𝑑1

+ ∆𝑎𝑎
𝑐𝑐1 + 𝑑𝑑0)

 1
6

(

 
 − 2∆𝑏𝑏

𝑐𝑐0 + 𝑑𝑑0
− 2∆𝑏𝑏

𝑐𝑐1 + 𝑑𝑑1

− ∆𝑏𝑏
𝑐𝑐0 + 𝑑𝑑1

− ∆𝑏𝑏
𝑐𝑐1 + 𝑑𝑑0)

 
 1

6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)

𝑐𝑐1−𝑑𝑑1

−2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐0−𝑑𝑑0

+2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐1 − 𝑑𝑑0

−2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)
𝑐𝑐0 − 𝑑𝑑1 ]

 
 
 
 
 
 
 
 

1
6

[
 
 
 
 
 
 
 
 2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)

𝑐𝑐1+𝑑𝑑1

−2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐0+𝑑𝑑0

+2(𝑎𝑎0 − 𝑏𝑏0) + (𝑎𝑎1 − 𝑏𝑏1)
𝑐𝑐0 + 𝑑𝑑1

−2(𝑎𝑎1 − 𝑏𝑏1) + (𝑎𝑎0 − 𝑏𝑏0)
𝑐𝑐1 + 𝑑𝑑0 ]

 
 
 
 
 
 
 
 

𝑃𝑃 = 𝑎𝑎
𝑏𝑏 + 𝑐𝑐 + 𝑑𝑑

∆𝑎𝑎
12

(

 
 
 
 
 
 

3
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑0

+ 3
𝑏𝑏1 + 𝑐𝑐1+. 𝑑𝑑1

+ 1
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑0

+ 1
𝑏𝑏1 + 𝑐𝑐1 + 𝑑𝑑0

+ 1
𝑏𝑏0 + 𝑐𝑐1 + 𝑑𝑑1

+ 1
𝑏𝑏0 + 𝑐𝑐1 + 𝑑𝑑0

+ 1
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑1

+ 1
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑1)

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 

3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐1 + 𝑑𝑑1

− 3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏0 + 𝑐𝑐1. 𝑑𝑑1

+ 3. 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑0

− 3. 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐1 + 𝑑𝑑0

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐1 + 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑1

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑1)

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 

3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐1 + 𝑑𝑑1

− 3. 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑0

+ 3. 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐1 + 𝑑𝑑0

− 3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐1 + 𝑑𝑑0

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐1 + 𝑑𝑑1

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑1)

 
 
 
 
 
 

1
12

(

 
 
 
 
 
 

3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐1 + 𝑑𝑑1

− 3. 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑0

+ 3. 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐0 + 𝑑𝑑1

− 3. 𝑎𝑎1 + 𝑎𝑎0
𝑏𝑏1 + 𝑐𝑐1 + 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐1 + 𝑑𝑑1

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏0 + 𝑐𝑐1 + 𝑑𝑑0

+ 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑1

− 𝑎𝑎0 + 𝑎𝑎1
𝑏𝑏1 + 𝑐𝑐0 + 𝑑𝑑0)

 
 
 
 
 
 

𝑃𝑃 = 𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐
𝑑𝑑

1
2 (∆𝑎𝑎

𝑑𝑑0
+ ∆𝑎𝑎

𝑑𝑑1
) 1

2 (∆𝑏𝑏
𝑑𝑑0

+ ∆𝑏𝑏
𝑑𝑑1

) 1
2 (∆𝑐𝑐

𝑑𝑑0
+ ∆𝑐𝑐

𝑑𝑑1
) 1

2
(

 
 

𝑎𝑎1 + 𝑎𝑎0 + 𝑏𝑏1 + 𝑏𝑏0 + 𝑐𝑐1 + 𝑐𝑐0
𝑑𝑑1

−
𝑎𝑎1 + 𝑎𝑎0 + 𝑏𝑏1 + 𝑏𝑏0 + 𝑐𝑐1 + 𝑐𝑐0

𝑑𝑑0 )

 
 

Table 2 (continued)

Source: author’s development.
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testiNG oF the aVeRaGe Method 
OF CHAIN SuBSTITuTION FOR 
thRee- aNd FoUR- MuLTIPLES 

AND MuLTIPLICATIVE-MuLTIPLES 
FaCtoR Models

Table 1  presents the new mathematical 
expressions obtained to determine the 
influence of individual factors using the 
average method of chain substitution for 
three- and four- multiples and multiplicative 
models.

W h e n  d e t e r m i n i n g  m a t h e m a t i c a l 
expressions for individual factor influences 
in three- and four- multiples factor models, 
it is necessary to lead the factor model to 
a simplified form of multiplicative factor 
model, as shown in the first three rows 
of the first column in Table 1. Otherwise, 
direct application of the average method 
of chain substitution will lead to erroneous 
mathematical expressions about individual 
factor influences, participating in the factor 
model.

The average method of chain substitution 
method was tested in MS Excel by assigning 
quantitative values to the base (planned) 
and actual values of the factor variables. 
During testing, a number of combinations 
of input values of factor variables were used 
to confirm the correctness of the obtained 
r e s u l t s  o f  t h e  d e r i ve d  m a t h e m a t i c a l 
expressions to determine individual factor 
influences of factor models presented in 
Table 1.

sYsteMatiZatioN oF FaCtoR Models 
aNd ReCeiVed MatheMatiCal 
EXPRESSIONS ABOuT FACTOR 

iNFlUeNCes bY aN aVeRaGe Method 
oF ChaiN sUbstitUtioN

Ta b l e  2  p r e s e n t s  i n  t a b l e  f o r m  t h e 
systematization of  factor models  and 
der ived  formulas  by  average  method 
o f  c h a i n  s u b s t i t u t i o n  t o  d e t e r m i n e 
t h e  i n f l u e n ce  o f  i n d i v i d u a l  f a c t o r s . 
Systematization is performed by types 
of factor models, namely: multiplicative; 

multiple;  multiplicative-multiple and 
additive- multiple.

Table 2 shows that for factor models that 
contain more than two factor variables, the 
mathematical expressions obtained by the 
average method of chain substitution are 
significantly complicated to determine the 
influence of individual factors, i. e. as the 
number of factor variables (n) increases, 
mathematical expressions become more 
complex to determine the influence of 
individual factors. This disadvantage of the 
method is easily overcome by using predefined 
templates in spreadsheets or MS Excel.

CoNClUsioN
The average method of chain substitution 
has the versatility of the chain substitution 
m e t h o d  a n d  i s  c h a r a c t e r i ze d  by  t h e 
accuracy achieved by the integral method 
in multiplicative factor models for which 
both methods produce the same results. The 
average method of chain substitution has 
absolute accuracy as opposed to the integral 
method in a limited range of multiple and 
additive- multiple models developed for 
it. Therefore, the developed method is 
characterized by the following advantages 
over other DFA methods, namely: full 
versat i l i ty  of  types  of  factor  models , 
accurate and unambiguity of the obtained 
results.

T h e  m a t h e m a t i c a l  e x p r e s s i o n s 
presented in  Table  2  for  determining 
the influence of individual factors for 
multiplicative, multiple, additive-multiple 
and multiplicative-multiple factor models 
composed of two-, three- and four-factor 
variables are characterized by accurate, 
unambiguity and significantly expand 
the practical applicability of the average 
method of chain substitution in the practice 
of financial and economic analysis.

Methodology of the average method 
of chain substitution can also be used 
to determine the influence of individual 
factors and more complex factor models 

MatheMatiCal aNd iNstRUMeNtal Methods iN eCoNoMiCs
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describing the relationship between the 
participating of factor variables and the 
resulting indicator. Certainly, the increase 
in the number of factor variables in the 
factor model leads to an increase in the 
number of combinations of consistency 
s u b s t i t u t i o n s  b a s i c  ( p l a n n e d )  a n d 
actual values of factor variables in the 
construction of  factor chains and the 
subsequent determination of the influence 
of individual factors. This significantly 
complicates, but does not make it virtually 
i m p o s s i b l e  t o  d e d u ce  m a t h e m a t i c a l 
expressions for the effects of individual 

factors on the change of the resulting 
indicator in five or more factor models, 
but it is a very laborious process, which 
will lead to more complex mathematical 
expressions to determine the influence 
of  individual factors. This is  the only 
but insurmountable disadvantage of the 
average method of chain substitution.

The average method of chain substitution 
can be easily applied to obtain mathematical 
expressions to quantify the influence of 
individual factors on change resulting 
indicator and for other mixed factor models 
not presented in Table 2.
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