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AHHOTALUA

MHorue npakTMyeckme 3aaum Xo3MCTBEHHON AEATENbHOCTU U PSf, BaXKHbIX BOMPOCOB IKOHOMUYECKOW TEOPUM CBS-
3aHbl C ONpeaeneHnemM HaunyyLero, ONTUMANbHOIO BapuaHTa peLleHns. AfeKBaTHas 3KOHOMMYECKas TEOPUSA AO0MKHA
OTpaXkaTb MPOLECC HEMpPEPbLIBHOMO pa3BUTMSI IKOHOMMYECKOW CMCTEMbI, MO3TOMY HEOBXOAMMO paccMaTpuBaTb KO-
HOMMYeckue MOAENN, B KOTOPbIX BCE 3KOHOMMYECKME NepeEMEHHbIE 3aBUCSAT OT BPEMEHU, U UMETb MaTEMATUYECKUN
annapat, NO3BONSIOWMIA HAXOANTb ONTUMAJIbHbIE 3HAYEHMS ITUX NEPEMEHHbBIX. TAKMM MaTEMATUYECKMM annapaToMm
SBNSIETCS TEOPUS ONTUMANBHOTO yNpaBneHus. Knaccmueckas Teopms ONTMManbHOTO yNpaBieHUs pacCMaTpuBaeT Mo-
[enun, B KOTOPbIX NOBEAEHME CUCTEMbI OMUCHIBAETCS CUCTEMOW AnddepeHLmManbHbiX ypaBHEHMI, 3a4aH QYHKLMOHAN,
ONMpeAensiowWmni Lenb YNpaBAeHNs U MHOXECTBO OFPaHUYEHHbIX YNPaBAAIOLWMX BO3AENCTBUIA. BaXKHbIM MHCTPYMeH-
TOM pelleHns Takux 3afay SBASETCS NPUHUMN MakcumyMma [oHTpsirMHa. Ho mpuMeHeHWe npuHuMna MakcMmyma
NPUBOAUT KO MHOTUM BbIYUCAUTENbHBIM NpobnemMaM. [Ins pelneHns HEKOTOPbIX KNAaCCOB BbIYMCAUTENBHbIX Npo6aem
MCNOMb3YeTCA NOHATUE ONTUMANLHOCTK NO [apeTo. bonee WMPOKMM NOHATUEM ABNSETCA NOHATUE A-ONTUMANbHOCTM.
Moka3saHo, 4TO MHOXECTBO A-ONTUMabHbIX PELIEHNIA MOXET ObITb LUMPE UK YKe MHOXeCTBa [lapeTo-onTMManbHbIX.
B naHHoM cTatbe BblAeNeHbl KNacchl 334a4, KOTopble yA06HO peLaTh C UCNob30BaHMEM [apeTo-n A-ONTUManbHOCTY.
MpuBeaeH npumep BbICTPOro pelleHns 3a4a4n YNpaBneHns peknaMHoON AesTenbHOCTbIO.

Knroueswie cnosa: NapeTto-onTMManbHOCTb, A-ONTUMANbHOCTb, BbINYK/bIA KOHYC, DYHKLMOHAN, reHEepPaTOPbl KOHYCA.

PARETO-OPTIMALITY AND A-OPTIMAL FOR SOLVING
SOME CLASSES OF OPTIMAL CONTROL PROBLEM
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ABSTRACT
Many practical problems of economicactivities and a number of important issues of economictheoryare connected to
the choice of optimal solution. An adequate economic theory should reflect the process of continuous development
of the economic system; therefore, it is necessary to consider the economic models in which all economic variables
depend on time, and to have a mathematical tool that allows to find optimal values of these variables. The theory
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of optimal control is a mathematical tool for just such a purpose. The classical theory of optimal control considers
models in which the behavior of the system is described by a set of differential equations while the functional
is given to define the purpose of control and a variety of the limited control actions is set. An important tool for
solving such problems is the Pontryagin principle of maximum. However, the use of the maximum principle leads
to many computational problems. That is why the concept of Pareto optimality is used to solve certain classes of
computational problems. The broader concept is a A-optimality, its definition was introduced in P.L. Yu (Cone. Cone
convexity, cone extreme points, and non-dominated solutions in decision problems with multi-objectives // Optim.
Theory Appl. 1974.Vol. 14. N2 3). It shows that a plurality of A-optimal decisions can be wider or narrower than the
set of Pareto-optimalities. The article highlights the classes of problems that are easy to solve using the Pareto-
and A-optimality. The solution of advertising management problem is given for illustration purposes.

Keywords: Pareto-optimality, A-optimality, convex closed set, dimension matrix, functional, cone generators.

YIIECTBYOIINE B HACTOAIICE BPeMsI TUHAMHU- N
YeCKUEe MOJENH YKOHOMHUKH TPECTABISIOT 0= I?gjx (_I)F + Z(phfi + Oy Sy |=
o i=1
coboii popmanbHOE ONUCAHUE MHOMXKECTB . '
BapHaHTOB Pa3BUTHS SKOHOMHUYECKON CUCTEMBbI, HIIH =(=1)F + 1+ +max (o.Bu).
( ) ;(Pz Oy Sy na’ ((Pa )

TPAaEeKTOPHUil SKOHOMUKH, YIOBIETBOPSIOIINX TEM WIIH
MHBIM TpeOoBaHusM [1].

ITycts A — BBIIYKJIBIA KOHYC, BEKTOP-(YHKIHS
MCMNOJIb3OBAHUE A-ONTUMAJNIBHOCTHU 2(u) onpeneneHa Ha MHOKeCTBE U.
bynewm paccmarpusars crienyromniyto 3anady. [Tose- Onpeneaenue 1 [4]. Bexrop u, € U HasbiBaeTCs
AEHNE CUCTEMBI OIIMCBIBACTCA yPABHCHUCM.: A-onTUMaNbHBIM, €CIIH HE CYIIECTBYET TaKOTO BEK-
Topa ue U, uro g(u)—g(u,) € A, g(u) #g(u,).

x=1(x)+Bu = f(x,u), MHOXeCTBO BCeX A-ONTHUMAILHBIX ToueK Ha U Oy-

xeXcR", ueUcR". nem obosnaydare U, .
3ameuanue. Ecniu Bce KoopIuHaThl BEKTOp-PyH-
3anano nauanbHoe yciosue x(0) =x°. 3nech X —  knum g(u) xenatenrbHo MaKCMMU3MPOBATh HAa MHO-
HEKOTOPOE BHIIIYKIIOE OTKPBITOE MHOXKECTBO, U —  xkectBe U, TOrna [Tapeto-onTUManbHOCTH — 3TO
BBINYKJIO€ 3aMKHYTO€ MHOXECTBO. B = B(f) —  A-oNTHMalbHOCTB JIsl KOHYCa
MaTpuia pasmepHoctu N x M, npuuem B >0 Ha
[0, 7J. A={y|y20,i=1,N}

TpebyeTcss MUHUMHU3HPOBATh (OYHKIMOHAI

Y ONTUMAaNILHOCTH 110 Creitrepy, eciu

T
‘([F(x,t)dt. A={yl3>0i=TN).

Iycts MHOXeCTBO TOYCK, ONTUMaIbHBIX 0 [1apeTo, Oy-
neM 06o3Ha4arh U, a MHOXKECTBO TOYEK, ONITHMAITb-
Xya=1=fyiar Xy,(0)=0, Hbix 110 Crieiitepy, U..
Omnpenenenue 2. Konyc A* Ha3pIBaeTCs MHOTO-
Xo=F=f,, x,(0)=0. IPaHHBIM, ECIIM €T0 MOKHO MPEICTABUTH B BUJIE
3anuiieM CUCTEMY COTPSIKEHHBIX YpaBHEHUH [2]: 2 . —
y cotp P [2] A*= Z|Z=ZalHl.,ociZO,H,.eRM,z=1,L .
i=1
de; - % =1.N+1 =1 —
Cige TN TH B =0 B H,i=11L
dt —~ " dx, exTopsl H,,i=1, L Ha3bIBalOTCS rEeHEPATOPAMHU
KOHYCa.
Tenepp NpUHIHUI MAaKCUMYMa MOKHO 3aIlMCaTh Teopema 1. Eciiu MHOXeCTBO 3HaYeHUH QYHKIUH
Tak [3]: ¢(?) orparmueno Ha [0, 7] 1 IpUHAIICKUT HEKOTOPO-
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MY BBIMYKJIOMY KOHYCY A" [TaHHOE MPE/IIONI0oKEeHHUE,
B YaCTHOCTH, BBIIIOJHEHO, €CJIM MHOKECTBO 3HAYeE-
HUH @(f) — BBIMYKIIOE ¥ HE COIEPIKUT HAYAI0 KOOP-
JIMHAT], TOTIa

max (¢, Bu) = max (¢,Bu)

uelU uel,

JUTSI KOHyca

A={y|(y,z)20,zeA*}.
Jloka3aresibcTBO. BeipaxeHue

r{‘lgjx((p, Bu)

03HAYaeT, YTO ONTUMAIBHOE YIIPABICHUE B KAXKIbIH
MOMEHT BPEMEHH ClIelyeT BBIOMpAaTh TaK, YTO0bI MakK-
CUMHU3HUPOBATh CKaApHOE MpousBeaeHue (¢, Bu),
KOTOpO€ B (PMKCHPOBAHHBI MOMEHT BPEMEHH MOKHO
paccMarpuBaTh KaK JIMHEHHYIO CBEPTKY KOOPAWHAT
BekTopa Bu ¢ Becamu ¢, o yciosuio ¢ € A*. Jloka-
3aTeJIbCTBO TOTO, YTO MAKCUMYM JINHEUHOW CBEPTKHU
IIPY JaHHBIX YCIOBHIX JOCTUIAETCS HA MHOXKECTBE
A-onTUManbHBIX PELICHUH, TpuBeaeHO B padote [4].

3amevanmue. [{ng npakTHUeCcKUX BBIYMCICHHUIN
BCETZla MOXKHO BBIOPATh BBINTYKJIbI€ MHOTOI'PaHHBIE
KOHyCa AT 74 A; , TAaKHe, 4YTO A;‘ cAc A’; . U3 sTux
BIIOJKEHUH ClieyeT: A, DA DA, H UAI cU, c UAz'

Janee paccMOTpUM BO3MOXXHOCTB HCIIOJIB30BAHUS
MOHATHS A-MOHOTOHHOCTH JJIsl COKpAILlEHHs KoJIn4e-
CTBa BBIYHCIICHUI.

Omnpenenenne 3. [Tycts A C RY — BBITYKJIBIHA
KOHYC, pa3MepHOCTh KOHyca paBHa M. Cxansp-
Has ¢pyukuus O(u), u € V< RM Ha3pIBaeTCs CTPOro
A-Bo3pacTaromieii (A-HeyObIBaroIIeil) Ha MHOXKECTBE
V,eciu w3 u' —u? € A, u', u* € V, A-BBIIYKJIBII KOHYC,
cienyet @(u') > Ow?) (D(u') > D(u?)).

Omnpenenenue 4 [4]. [Iycts A — ¢purcupoBan-
HBIN BBIMYKJIBIH KOHYC, A € RV, dpynkuus O(x, u)
oIpezielieHa U HenpephIBHA Ha BHITYKIIOM MHOKECTBE
V =UuX. Ecnu nug mo0ObIX u', u?> U3 MHOXECTBa
U c RM takux, uto u? € u' + A, u' #u* u mobom ¢uk-
CHPOBaHHOM X U3 X C R" BBITIONHIETCS HEPABSHCTBO
D(x, u?)>DO(x, u') (D(x, u?)>D(x, u')), To Oymem
TOBOPUTH, uTO (yHKIMA D(x, 1) cTporo A-MOHOTOHHA
(A-MOHOTOHHA) TIO TPYIITE IEPEMEHHBIX U.

Omnpenenenue 5. Oyakmus O(x, u) onpeneneHa
U HeTIpepbIBHA Ha BBITYKIOM MHOXecTBe V' = UU X.
HanHas ¢yHKIMS Ha3biBaeTCs HeyObIBaromel mo
rpynne IepeMeHHbIX X, €CIIH s JTI000r0 (GPUKCHpO-
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BanHoro u € Uc RMu x> x!, x!, x*> € X BuImonusercs
D2, u) > D(x!, u).

Ilpumep. @yukuus F(x, x,) = x, —sinx, onpe-
nenena npu 100 <x <100, 100 <x,<100. [{annas
(GyHKIMS MOHOTOHHA O IPYIIIE NEPEMEHHBIX X, U
A-MOHOTOHHA /ISl KOHYyCa

A={zeR*|(a,,2)>0,(a,,z) > 0,0, =
=(10,1),a, =(-10,1)}.

Teopema 2. PaccmarpuBaeTcs 3a1aya OnTUMAaIb-
HOTO yTIpaBJIE€HUs

T
IF(x,u)dl — max,
0

X = (xl(t),...,xN(t)), u= (ul(t)ﬁ""uM (®)),
x=f(x,u), x(0)=x", uelU,xeX.

3neck U, X — BBITyKJIBIE MHOXKECTBA, (PYHKITHH
F(x, u) u f(x, u) aBnstoTcst HeyOBIBAOIIMMHU 10 X H
A-HeyObIBaroImumMu 1o u, f'(x, #) >0 B ob1acTu omnpe-
nenenus. Toroa

max
uelU

T T
j F(x,u)dt = max j F(x,u)dt,
0 0

re U, — MHOKeCTBO A-ONTHMAJIbHBIX PELICHUH.
Joka3areiabcTBo. B mannoit 3amayue qist 1100bIX

t, t,€[0, T rakux, 4ro £,> ¢ v m0b6oro u € U BbI-

TIOJIHAETCS HEPABEHCTBO X(Z, +At,) 2 x(Z,), HOCKOJIBKY

xX(t, + At =x(t,) + f(x(t,),u(t,)At +o(A?)

v flx(t), u(t,))At > 0. ®ynkuus f{x, u), A-MOHOTOHHA
IO rPYIIIE NEPEMEHHBIX U, TO3TOMY [6]

maxf(x,u)=maxf(x,u).

Otcrona cienyer:
max x(t, +At)= max {x(t)+ f(x(2),u(t))At +
o(At)} = m%x{x(t1 )+ f(x(t),u(t,))At + o(At)}. M

B momenT Bpemenu 0
(x°,) )

B momeHT BpeMenu Af B cuiy paBeHcTBa (1) u
CBOUCTB (pyHKUUU F BBITIOJIHEHO

=max F

uel,

max F
uelU
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max F(x(At),u(At)) = max F(x(At),u(At)).

AHanorununelie paBCHCTBA MOXHO 3allMCaTb B MO-
MEHTHI BpeMeHu 2A¢, ..., nAt. Ilockonbky B mo0oi
MOMEHT BPEMEHU

max F(x,u) = max F(x,u),

uel ue

TO MOXKHO 3aIIMCaTb

max
uelU

max

uel,

]-F(x,u)dt = JCF(x,u)dt.

MCNOJIb3OBAHUE NAPETO-
ONTUMANBHOCTU NPU PEWLEHUU
3A0AY ONTUMANBHOIO YNPABJIEHUA

YacTHbIi cnyyail TeOpeMbl 2 MOKHO C(HOPMYIH-
pOoBarTh TaxK.

CaeacrBue Teopemsl 2. Eciiv 3a1a4a onTUMalib-
HOTO YIIPaBJICHUS UMEET BUJI

T
JF(x,u)dt — max,
0

X = ('xl (t),...,xN(t)), u= (ul(t)""’uM (®)),
x=f(x,u), x(0)=x", uelU,xeX.

3necy U, X — BBINIyKIIble MHOXKECTBA, QYHKITUN
F(x, u) u f(x, u) 1BASAIOTCA HEYOBIBAIOIIMMHU 110 X U
HeyObIBarOIIMMH 110 U, f(x, u) >0 B o0yiacTu onpee-
nenus. Torna

max
uelU

T T
J’ F(x,u)dt = max j F(x,u)dt,
uely
0 0
e UH — MHOecTBO [lapeTo-onTuManbHbIX PeLIeHUM.
CaencrBue. Ecny B ycloBHUAX TeOpeMBbI 3 MHOXeE-
cTBO U SIBIISIETCS TTapajuIeIeTUTICOM

U :[al,bl]x...x[aj ,bM],

TOT/Ia BEKTOP U, > (bl, bM) 3a1a€T ONTUMAIILHOE
yIpaBjeHUE B JIFO00H MOMEHT BPEMEHHU.

YACTHbIA CNYUYA 3A0AUYMU
ONTUMAJIbHOIO YNPABNEHUA
PaccmotpuM yacTHBIN citydail 3aa4u oNTUMAab-
HOT'O yNIpaBJEHHUs, KOTJa IIpaBble YacTH UCXOJHON
cucteMbl quddepeHnanbHbIX YPaBHEHUH HMECIOT

BULL: f(u,), f,(u,), ..., f(u), [ (X, ), .y (%, ).
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).Cl = f1(u1)a
')'CZ = fz(uz)s

X = [ (),
xk+l = fk+] (X,t),

Xy = fy(x,0).

3anaHo x(t,) =x% ue UcRX, 3necy U — BoINTy-
KJIO€ MHOXECTBO.

T
TpelyeTcsi MUHUMU3MPOBATH HHTETPAIT IF (x, r)dt.
0
Homaraem X, =1= fy,, x,,,(0)=0, X, =F = f,
x,(0)=0.
Hﬂﬂ HCXOHHOﬁ CHUCTCMBI MOKHO 3aIiucarb CUCTC-
MY COTPSKCHHBIX YpaBHEHHUIA

N+l

- S

J=1

do,
dt

9,

o,
= — 1,
ot ®

jg, o :0.

Jainee Oynem paccMaTpHuBaTh pacIiupeHHBIE BEK-
Topsl f € R"?, pe R,

Teopema 3. Ecii u3BecTHO, 4t0 @ (1) 20, 9,(£) 20,
wees @ (1) 20, TO 171 NPUHIIUTIA MAKCUMYMA BEPHO CJIE-
JyIOIee PaBeHCTBO:

max (¢, /) = max(®, /).

uelU uelUc

Joka3arebcTBO. 3anuiieM AETaabHO MPUHLIUIL
MaKCHUMyMa:

N+1

max (@, /) = max ) ¢.f; =

uelU uel
k N+l
= max{ Qoo+ D 0.S;+ D 9. f; 1 =
uelU

i=1 i=k+1

N+1 k

:(Poﬁ)+z(Piﬁ+maX Z(pifi :

ueU

i=k+1 i=1

B kax/1p1il MOMEHT BpEMEHU BBIPAXKECHUE

max{)_ 0./}

uel
— NMHEWHas CBEpTKa ¢ HEOTPHULATEIbHBIMU BECOBBI-
MU K03 UIEHTaMU .

[TosTOMY MOXHO 3anucarb
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max{),0,/;} = max{) 0./}

uelU uel,

i=1 i=1

PEWWEHWE 3A0AYUN ONPEOENEHUA
ONTUMANBHOM NONUTUKU OBNIACTU
PEKNAMHOW BEATENbHOCTU

Hwxe npuBoautcs pemeHue 3agadu, cHopMmynu-
poBaHHOM B KHUTE [5]. BeIOpaTh ONTHMAIBHYIO ITOJTH-
THKY B 00JIaCTH PEKIIAMHOU NESATCIHBHOCTH, KOTOpast
CTUMYIUPYET 00beM MPOAAXK TAHHOTO MPOIyKTa 32
HEKOTOPBIN MEePUOJ BPEMEHH MPH CICTYIONINX YCIIO-
BUSIX: CKOPOCTh U3MECHEHUS 00beMa MPOJaX yMEHb-
[IaeTcs MPOIOPIHOHATBHO 00BEMY MPOJIAXK U YBe-
JIMYUBAETCS TPOIMOPIIMOHAIBHO YPOBHIO PEKIIAMHOM
JIESITEIIGHOCTH B TOW YaCTH PBIHKA, KOTOPAs CIIIe STUM
MIPOAYKTOM He HaCHIIeHa. 3a/1a4a IMEeT BUJT

max,
{40}

-5
M

St,) =S, 0<A()<A,

}S(t)dt N

S=—aS+bA(

rme S — o0beM mpogax; A — ypOBEHb PEKIIaMHOMH
NEATENbHOCTH; M — €MKOCTb PBIHKA; £, ,, a, b, S,
A— 3aJaHHbIC ITOJIOXKXUTCIILHBIC ITapaMETPhI.

Ilycts ¢, —t, =T, x, =S, A(t) = u, A=U, Torna
c(hopMyITHpPOBaHHYIO BEIIIE 33724y MOXHO Ieperu-
carb TaK:

X, (t)=—|x, dt,

j.
0
Xy ==x = fo,

X, =—ax, +bu(1—£j,
M

x(0)=x', 0<u<U.

Xo (0) = 09

3anuineM CUCTEMY COTPSDKEHHBIX YPaBHEHHH:

%,
Py o, ®

dg, _
dt

G _
0x,

__(PO'O_(Pl'Ozoa (2)

76

de, _

g oo O
dt

Cox, T ox
bu 3)
=0y =@ _a_v =@, + ¢, B,

rae

B=a+i'u;
M

MOCKONBKY a >0, b, M, U — HeoTpHULIaTeIbHbIEC YH-
cia, To B>0.

U3 nepsoro ypasuenus caenyer ¢ (1) = C; uc-
MoJb3ys (hOpMyITy TPAHUYHOTO yCIIOBHUS, MOJKHO 3a-
IMUCATh:

0, (T) ==1=C; =0, ().

ITomyunM ycoBust JUIsl HAXOXKIEHUS O TUMAIIBHO-
TO yIPAaBJICHUS:

max
0<u<U

(0, /) = max(fo@, + i¢,) =

[—ax1+bu-(l—%D-(pl
x
)

X,
MOCKOJIBKY 110 yCJIOBHIO 3aga4du b >0, HISI, TO

= max(~1- () + -

= x, —ax,®, + max bu
1 l(pl 0<u<U

u*=Usigo,, rne

. lupu ¢, 20
sigp, =
0 0 mpu @, <0.

IToncraBUM ONTHMAIIBHOE YIIPABJICHUE B BBIPAXKe-
HUe, onpeaenstoiee B:

anpu ¢, <0

B=¢ pU
G+VHPI/I (|.')120

3amerum, uro d(Be,—1)=dBo,.
Teneps ypaBHeHHE (3) MOXKHO TIEpenucarh B BUJC

d(Bo, —1)
(B(Pl - 1)

= Bdt.

ITpouHTEerpUpyEM 3TO ypaBHEHHUE:

1r1|B(p1 - 1| =Bt—c,
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3TO SKBHBAJICHTHO Tak kak ¢ (7)=0, 10 €*" =1 um BT=c, T.e.
Bo,—1=¢"" pu B, —1>0; 4) (1= P01y
~(Bo, —1) =" ipu Be, —1<0. Q) 'Y B

ITockomeky @, >0 nmpu 0<¢/<Twu @=0mpu =T,

13 rpanuanoro yciosus cneayer @ (7)=0. 3ama- Terneph MOKHO 3aIlicaTh ONTUMAILHOE yPaBHEHHE:

IIEM BBIPAKCHHUS JUIS .
W3 ypaBHeHus (4) ciuemyer: u=Unpu0<t<T

BelImie ObUTIO IPUBEAICHO KIIACCUYECKOE PEIICHUS
#0. 3amaqn. Ecnu ucmonb3oBarh Teopemy 1, To perneHune
MOXKHO TOJyYHTh 3HAUYUTEIBHO MpoIie U ObIcTpee.
[Tockonbky @(¢) >0 na unrtepsaie [0, T), To A" =
={y|y>0}, rorna A={z |z y>0}. Orctona cieayer,
4ro z>0 u U, = U, 310 03HAYaET, 4TO 1O Teopeme |

B (eBT—c +1)
¢,(T) =

W3 ypaBHeHnus (5) ciaenyer:

(=" +1)

¢, = B . X
uw=Unpu0<¢<T
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