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abstRaCt
In assessing the risk of investing in various financial assets, risk management focuses on the analysis of the worst 
possible losses (the right tail of the loss distribution). At the same time, most often, when speaking about losses, it is 
assumed that losses can, in principle, take on negative values (which corresponds to receiving positive profits). However, 
there are many theoretical studies suggesting that losses take only positive values. Many risk managers use only a 
portion of the sample of data that corresponds to positive losses when assessing the relevant risk measures using the 
statistical method or the Monte Carlo method. The purpose of this paper is to study the transformation of risk estimates 
of various levels of catastrophicity with such a change in the space of elementary events, and hence the law of loss 
distribution. The paper uses methods of analysis of financial risks of various levels of catastrophicity, including methods 
developed in the author’s previous papers. As a result of the study, it turned out that with such a transformation of the 
random value of losses, all the most important estimates are significantly transformed with the help of risk measures of 
various catastrophicity. The author concludes that the theoretical conclusions of the work will also contribute to a more 
conscious understanding of the theoretical results and the results of practical risk assessments, depending on the basis 
on which this assessment was made: allowing losses to accept negative values or focusing only on their positive values.
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iNtRodUCtioN
The main  subject  of  research in  both  r isk 
management and insurance business are risks that 
are modeled in the form of random X values of 
interest to risk managers or actuaries. Assessment 
and management of these risks are the main tasks 
that are addressed by these specialists. From the 
point of view of risk analysis, the value of the adverse 
values of X, and the extent of their possibilities, 
which are determined by the law of the distribution 
of the value X are of interest. Often by the random 
value that acts on the relevant risk, we understand 
the value of the profit— and then the unfavorable 
values are represented by the negative values of the 
gain; or the amount of the losses —  and so the 
undesirable value is presented as the positive value 
of losses. But this is most often assumed that the 

value of X can, in principle, take any both positive 
and negative values. In this paper we will consider 
that the value X represents the losses, and its positive 
values will be interpreted as losses and the negative 
values —  as the corresponding profits. After all, 
initially, engaging in business, the entrepreneur 
hopes to get a certain profit, but understands that 
everything can end up fixing losses, which is 
perceived as a corresponding manifestation of risks. 
Therefore, we assume that the value of losses X is a 
random value distributed across the line ( , )−∞ +∞ .

Sometimes researchers study the losses, assuming 
a priori they are non-negative, 0X ≥  (for example, 
[1]). In fact, investments can result in both profits and 
losses. And then the non-negative assumption of losses 
means that the researcher or company risk manager 
in the practice of risk analysis focuses only on the 
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results that lead to losses. In this study, we would like to emphasize the fact that the probability distribution 
for this value of losses will differ from the probability distribution for the value of losses distributed across the 
line ( , )−∞ +∞ . And accordingly, risk assessments with one and the other representation of the random value 
representing the risk will differ sometimes significantly. The study of the extent to which the risk assessment 
may change from a single representation of a corresponding random value as distributed throughout the line 
( , )−∞ +∞ to a representation as a random value assuming that only its positive values are realized has not been 
adequately addressed. We tried to examine this problem in detail.

RelatioN oF the laW oF the distRibUtioN oF the RaNdoM ValUe X  
WITH IT’S LIMITATION TO POSITIVE VALuES ONLY

Let us be interested in the risk of losses associated with the values of the random value X, taking values on the 
entire line ( , )−∞ +∞ . Select the distribution function through ( ),XF x ( , ).x ∈ −∞ +∞  As is known, 

( ) [ ]XF x P X x= <  (via [ ]P A  through indicated the probability of a random event A). Suppose there is a 
continuous density of the distribution of the value X, ( ),Xf x ( , ).x ∈ −∞ +∞  At the same time ( ) ( ).X Xf x F x= ′

Suppose the researcher focuses only on the outcomes associated with real losses when X ≥ 0. At the same 
time, this concentration leads to two different approaches to the study of the losses.

1.  At the time interest is reduced to the replacement in the study of X values by the values X + , associated 
with the random value of X as follows:

, 0

0, 0.

X if X
X

if X+
≥

=  <

Note that the value X +  can also be represented as follows:  { 0}XX XI+ ≥= , where { }AI is indicated by the 
indicator function of the event A:

{ }

1,

0,A

if event Ais executed
I

if event Ais not executed


= 



It is intuitively apparent that the characteristics of the X +  value distribution will differ from the corresponding 
characteristic of the random X distribution. Let’s try to get expressions for the distribution function and density 
X +  through the corresponding characteristics for X.

If ( )XF x
+

 identify by the distribution function for X + , i. e.  ( ) [ ]XF x P X x
+ += < . Suppose that 0x > , then 

by the formula of full probability we get: 

( ) [ | 0] [ 0]XF x P X x X P X
+ += < ≥ ≥ + [ | 0] [ 0]P X x X P X+ < < < =  

[ | 0] [ 0]P X x X P X+= < ≥ ≥ + [0 | 0] [ 0]P x X P X< < <

(here and then through [ | ]P A B  is indicated the conditional probability of event A on condition of event B), 
but, given that, obviously, Pr[0 | 0] 1x X< < = , we get:

[0 ]
( ) [ 0]

[ 0]X

P X x
F x P X

P X+

≤ <= ≥ +
≥

[ 0]P X < =  

= [0 ]P X x≤ < + [ 0]P X < = [ ]P X x< .
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Then we get that at 0x > , ( )XF x
+

= ( )XF x , and it’s obvious that when 0x ≤ , ( ) 0XF x
+

= , 

                                                               we get 
( ), 0

( )
0, 0.

X
X

F x if x
F x

if x+

>
=  ≤

  (1)

Accordingly, if we mark through  ( )Xf x
+

 the density of the distribution of the value X + , because at 0x >  
( ) ( ) ( )X X Xf x F x f x

+ +
= =′ , we get the formula  { 0}( ) ( ) (0) ( )X X x Xf x f x I F x

+ >= + δ ,  (2)
which is correct for all values of x, where δ( )x  —   is the known Dirac δ-function.

We see how the distribution function evolved when we switched from losses modeling as a random value X 
to random value X + modeling.

The resulting expressions are the following expressions for calculating the expected value and the dispersion 
of a random value X + :

0

[ ] ( ) ,XE X xf x dx
+∞

+ = ∫
2

0

[ ] ( )XD X x f x dx
+∞

+ = −∫ 2

0

( ( ) )Xxf x dx
+∞

∫ .

We see how the expressions of both the expected value and the dispersion were transformed as we moved 
from the modeling of the value of losses as a random value of X to its modeling in the form of the random value
X + . We understand that when assessing the risk in the form of a loss dispersion, the risk assessment when 
changing the representation of losses as X value to their representation as a value X + can vary considerably.

2.  In other cases, interest is reduced to the replacement in the study of the distribution function of a 
random value X ( )XF x   with its conditional distribution with the condition of realization of the event of real 
loss, i. e. X ≥ 0 (on the concept of the conditional-distribution function, see, for example, [1]), which we will 
indicate ( ),XF x+  where ( ) Pr[ | 0]XF x X x X+ = < ≥ .

It is intuitively obvious that this function of the conditional distribution of a value X  will be different from 
the random distribution function of X, X, ( ).XF x  Let’s try to get expressions for ( )XF x+  functions through 

( )XF x .

Let’s 0x > , then it’s obvious that 
[0 ]

( )
[ 0]X

P X x
F x

P X
+ ≤ <= =

≥
[0 ]

1 [ 0]

P X x

P X

≤ <
− <

.

Using the definition of the distribution function, we get: 
( ) (0)

( )
1 (0)

X X
X

X

F x F
F x

F
+ −

=
−

 at x > 0.

Given that with all 0x ≤ , ( ) 0XF x+ = , we get the final expression of the function of the conditional distribution 

( )XF x+  through the random value distribution function X:

                 

( ) (0)
, 0

1 (0)( )

0, 0.

X X

XX

F x F
if x

FF x

if x

+
− > −= 

 ≤
  (3)

We see how the distribution function evolved in the transition from the function of unconditional distribution 
of the losses ( )XF x  to its modeling in the form of the given function of the conditions of distribution.
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Accordingly, if we indicate through ( )Xf x+  the density of the conditional distribution of the value X  with 

the condition X ≥ 0, then ( ) ( ) ( )X Xf x F x+ += ′ , we get:

( )
, 0

1 (0)( )

0, 0.

X

XX

f x
if x

Ff x

if x

+
 > −= 
 ≤

  (4)

We see how the density of the distribution evolved when we switched from the unconditional distribution 
of the losses ( )XF x  to its modeling in the form of a given function of the conditions of distribution.

The resulting expressions are obviously followed by the expressions for calculating the corresponding 
conditional expected value and the conditional dispersion of a random value X :

       
0

1
[ ] ( ) ,

1 (0) XE X xf x dx
F

+∞
+ =

− ∫

        
2

0

1
[ ] ( )

1 (0) XD X x f x dx
F

+∞
+ = −

− ∫ 2
2

0

1
( ( ) )

(1 (0)) Xxf x dx
F

+∞

− ∫ .

We see how the expressions of both the expected value and the dispersion changed when moving from 
the loss model in both cases. In general, we understand that when assessing the risk in the form of a loss 
dispersion, the risk assessment when changing the representation of losses as a value X to their representation 
in both types may vary considerably.

RisK MeasURes VaR  AND  ( )tVaR , theiR tRaNsFoRMatioN oF ValUatioNs  
IN THE TRANSITION FROM REPRESENTATION OF LOSSES X TO REPRESENTATION  

iN ModiFied VaRiaNts
Value of risk (VaR) is one of the most commonly used risk measures in risk management and actuarial 

science (see, for example, [3–5]).
1.  Consider how this risk measure is transformed when we move from the random loss value of X to the 

random value X + , suggesting that the loss of X is non-negative ( 0X ≥ ). Let’s try to understand the 
relationship between the estimates.

Note that according to the determination of the risk measure VaR for value X with probability p, [ , ]VaR X p , 
the ratio is correct:

             1[ , ] ( ),XVaR X p F p−= (0,1]p ∈ . 

Accordingly, for the risk measurement VaR in the risk assessment modeled by a random value X + , 
[ , ]VaR X p+ , the ratio is correct:

                  1[ , ] ( ),XVaR X p F p
+

−
+ = (0,1]p ∈ . 

However, according to the formula (1) at 0x >  ( )XF x
+

= ( )XF x  to determine ( )pVaR X +  it is necessary for 
anyone (0,1]p ∈  to solve the equation ( )XF x p= , and therefore a (0,1]p ∈ , which may be of interest, we get 

[ , ] [ , ]VaR X p VaR X p+ = .
Thus, when estimating the risk measure VaR for the value of losses for any positive trust probability, there 

is no change in the risk assessment when moving from the random value X to the value X + .
In the papers [6] and [7] studied the disaster risk measures “VaR in degree t”, ( )[ , ]tVaR X p , which proved 

to be a subset of well-examined expectation distortion risk measurements considered in large numbers of 
papers (see [8–13]).
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For a risk measures VaR is in “degree” 1t ≥  ( )[ , ]tVaR X p , as demonstrated in paper [6], where the value of 
“degree” 1t ≥  is an random substantive number, which is presented as t m= + α, where m —  is its whole part, 
and α — is its fraction ( 0 ≤  α < 1), the formula ( )[ , ] [ ,1 (1 ) (1t mVaR X p VaR X p= − − −αp)] is correct.

Of course, for the family of risk measures VaR in the “degree” 1t ≥  the formula ( ) ( )[ , ] [ , ]t tVaR X p VaR X p+ =  is 
correct.

The transition of losses modeling to random value X +  instead of X —  is quite harmless if you evaluate risks 
using ( )[ , ]tVaR X p  risk measure.

It is therefore clear that all other quantum risk measures, including ES and  ( )tES  (see [7]), will not be affected 
by this transformation.

Therefore, we will continue to focus only on the case of the second option of consideration of risk conversion 
with a focus on events of real losses, i. e. 0X ≥ .

2.  In this case, the study replaces the distribution function of the random value X, ( )XF x  with its 
conditional distribution, subject to the realization of the event of the real loss, i. e. X 0≥ , ( )XF x+ .

According to formula (3) at 0x >  
( ) (0)

( )
1 (0)

X X
X

X

F x F
F x

F
+ −

=
−

.

It is essential to introduce the following definition of the measure of assumptive value at risk, which we 
shall designate  [ , ]VaR X p+  as the solution of the following equation: ( )XF x p+ = .

So for determination [ , ]VaR X p+  it is necessary for anyone (0,1]p ∈  to solve an equation 
( ) (0)

1 (0)
X X

X

F x F
p

F

−
=

−
, 

that is equivalent to the equation ( ) (1 (0)) (0)X X XF x F p F= − + , whose solution is presented as: 

1 1( ) ((1 (0)) (0)),X X X Xx F F F p F+ − −= = − +  from which we get the following important equation: 

                                                 [ , ] [ ,(1 (0)) (0)]X XVaR X p VaR X F p F+ = − + .  (5)

Thus, in order to assess the risk measure conditional VaR for the value of losses, provided that they are 
realized (X ≥ 0) with confidence probability p, it is sufficient to estimate the risk of VaR for the amount of the 
losses represented by the random value X with confidence probability(1 (0)) (0)X XF p F− + .

Note. From the formula (5) it follows that for any (0,1]p ∈  inequality is correct:
[ , ] [ , ]VaR X p VaR X p+ ≥ , which follows that inequality (1 (0)) (0)X XF p F p− + ≥  is correct.

Let us now examine how risk estimates represented by random values measured by catastrophic risk measures 
( )[ , ]tVaR X p , are transformed by the transition to the corresponding risk conditional measures ( )[ , ]tVaR X p

at a condition of X ≥ 0,  which we will mark ( ) [ , ]tVaR X p+ .
The “degree” value of t in  ( )[ , ]tVaR X p   is a natural number: .t n=
Let us note that in this case, as demonstrated in the paper [6], the correct formula

                   ( )[ , ] [ ,1 (1 ) ]n nVaR X p VaR X p= − − ,  (6)

which calculates the risk measurement VaR in degree n with probability p, to the calculation of the normal risk 
measured VaR with modified probability 1 (1 )np− − .

Then, using the formulas (6) and (5), we get:

( ) [ , ]nVaR X p+ [ ,1 (1 ) ]nVaR X p+= − − =  

= [ ,(1 (0))(1 (1 ) ) (0)]n
X XVaR X F p F− − − + ,
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or      ( ) [ , ]nVaR X p+ =  

              = [ ,(1 (0))(1 (1 ) ) (0)]n
X XVaR X F p F− − − + .  (7)

Thus, in order to assess the VaR risk measurement of degree n, for the losses represented by the random 
value X with the condition X ≥ 0 with confidence probability p, it is sufficient to estimate the risks measure 
VaR for the loss of the random value X with confidence probability (1 (0))(1 (1 ) ) (0)n

X XF p F− − − + .
Note. It follows from the formulas (6) and (7) that for any (0,1]p ∈  the correct inequality:

( ) ( )[ , ] [ , ],n nVaR X p VaR X p+ ≥ which follows correct inequality (1 (0))(1 (1 ) ) (0)n
X XF p F− − − + ≥ (1 (1 )np− − .

There is considerable interest in the relationship between risk measures ( )[ , ]nVaR X p  and  ( 1) [ , ]nVaR X p− + . 
In particular, which risk measure gives a greater risk assessment: (2)[ , ]VaR X p  —  or [ , ]VaR X p+ ?

The following inequality is correct.
Statement
For confidence probability values (0)Xp F> , ( )[ , ]nVaR X p ≥ ( 1) [ , ]nVaR X p− + .
For confidence probability values (0)Xp F< , ( )[ , ]nVaR X p ≤ ( 1) [ , ]nVaR X p− + .
At confidence probability (0)Xp F= , ( )[ , ]nVaR X p = ( 1) [ , ]nVaR X p− + .
Proof
According to the paper [6] [6], ( )[ , ] [ ,1 (1 ) ]n nVaR X p VaR X p= − − , and according to the formula (7), 

( 1) [ , ]nVaR X p− + = = 1[ ,(1 (0))(1 (1 ) ) (0)],n
X XVaR X F p F−− − − + it is enough to compare the quantities  1 (1 )np− −  

and  1(1 (0))(1 (1 ) ) (0).n
X XF p F−− − − + Considering their difference, we get an expression: 1 (1 )np− − −

1(1 (0))(1 (1 ) ) (0)n
X XF p F−− − − + = 1(1 (0))(1 ) (1 )n n

XF p p−− − − − = 1(1 ) ( (0))n
Xp p F−− − , which is obviously 

not negative for (0)Xp F> , not positively at (0)Xp F<  and equals zero at (0)Xp F= .
Statement is proved.
Consequence
For confidence probability values ( )Xp F x> , (2)[ , ]VaR X p ≥ [ , ]VaR X p+ .
For confidence probability values ( )Xp F x< , (2)[ , ]VaR X p ≤ [ , ]VaR X p+ .
At confidence probability ( )Xp F x= , (2)[ , ]VaR X p = [ , ]VaR X p+ .
In the case that the value of “degree” 1t ≥  в  ( )[ , ]tVaR X p  is an random real number which is represented 

as t m= + α, where m —  is its whole part, and α —   its fractional part ( 0 ≤  α < 1), the formula 
( )[ , ] [ ,1 (1 ) (1t mVaR X p VaR X p= − − − αp)],  (8)

proved in [6] is correct, which reduces the calculation of VaR risk measure to the degree t with the confidence 
probability p, to the calculation of the normal VaR risk measure with a modified confidence probability 
1 (1 ) (1mp− − − αp).

T h e n  u s i n g  f o r m u l a s  ( 8 )  a n d  ( 5 )  w e  g e t :  ( ) [ , ] [ ,1 (1 ) (1t mVaR X p VaR X p+ += − − − αp ) ]  = 
=  [ ,(1 (0))(1 (1 ) (1m

XVaR X F p− − − − αp)) (0)]XF+ , or

                                 ( ) [ , ]tVaR X p+ = [ ,(1 (0))(1 (1 ) (1m
XVaR X F p− − − − αp)) (0)]XF+ .  (9)

 Thus, to estimate the conditional risk measure of VaR to the degree t for the value of the loss represented 
by the random value X under the condition X ≥ 0 with the confidence probability p, it is sufficient to estimate 
the risk measure of VaR for the value of the loss, represented by a random quantity X with a confidence probability 
(1 (0))(1 (1 ) (1m

XF p− − − − αp)) (0)]XF+ .
Note.  It  follows from formulas (8) and (9) that for any (0,1]p ∈  equitable inequality: 

( ) ( )[ , ] [ , ]t tVaR X p VaR X p+ ≥ , which follows from the obviously correct inequality (1 (0))(1 (1 ) (1m
XF p− − − −

– αp))+ (0)XF ≥  (1 (1 ) (1mp− − − αp).
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tRaNsFoRMatioN oF RisK MeasURes VaR  AND  ( )tVaR  IN THE TRANSITION TO VaR +   
AND  ( )tVaR +  FoR ClassiCal loss distRibUtioNs

Let us move on to consider formulas for the transformation of risk measures VaR  and  ( )tVaR  in the case of the 
X-value representation of losses, to risk measures VaR +  and  ( )tVaR +  to some commonly applied classical loss 
distributions.
The equal distribution of the value of losses X  on the interval [ , ]a b  is characterized by the 
 
 
distribution function  

0,

( ) ,

1,

X

if x a

x a
F x if a x b

b a
if x b

<
 −= ≤ ≤ −

>

.

The multiplicity of equally distributed values in the range [ , ]a b  is often indicated as [ , ]Uni a b .
As is known (see, for example, [14, 15]), if [ , ]X Uni a b∈ , the formula [ , ] (1 )VaR X p pb p a= + −  is correct.
We assume in this case that 0a < , and  0b > , the transition from X to  X + was not trivial.
A p p l y i n g  i n  t h i s  c a s e  f o r m u l a  ( 5 )  w e  g e t  t h a t  [ , ]VaR X p+ = [(1 (0)) (0)]X XF p F b− + +  

+[1 (1 (0)) (0)]X XF p F a− − − .
Note that in our assumptions (0)X

a
F

b a
= −

−
, then [ , ]VaR X p+ = [ ]

b a
p b

b a b a
− +

− −

+ [ ]
b b

p a
b a b a

−
− −

2b ab
p p

b a b a
= −

− −
( )b b a

p bp
b a

−= =
−

.

i.e. [ , ]VaR X p bp+ = .

Let us proceed to obtaining the formula for the conversion of the risk measure ( )[ , ]nVaR X p  at [ , ]X Uni a b∈
. Using formula (7) and expression for [ , ]VaR X p , we get

( ) [ , ]nVaR X p+ = [(1 (0))(1 (1 ) ) (0)]n
X XF p F b− − − + +

+ [1 (1 (0))(1 (1 ) ) (0)]n
X XF p F a− − − − − =  

[(1 )(1 (1 ) ) ]na a
p b

b a b a
= + − − − +

− −
[1 (1 )(1 (1 ) )]na a

p a
b a b a

+ − + − − =
− −

[ (1 (1 ) ) ]nb a
p b

b a b a
= − − − +

− −
[ (1 (1 (1 ) ))nb

p a
b a

− − −
−

.

From this formula, it is seen that at 1p → , ( ) [ , ]nVaR X p+  with a high speed, it moves to b, and the speed 
of the quest increases with the rise of degree n.

Accordingly, the formula for ( ) [ , ]tVaR X p+  with a random real value 1,t t m≥ = + α  takes the form:

( ) [ , ]tVaR X p+ [ (1 (1 ) (1mb
p

b a
= − − −

−
αp)) ]

a
b

b a
− +

− [ (1 (1 (1 ) (1mb
p

b a
− − − −

−
.αp)))a.

Localized indicative distribution of the loss value of X with parameters r and a, where r 0,>  
 
a R∈  is characterized by the distribution function 

( )1 ,
( )

0,

r x a

X

e if x a
F x

if x a

− − − ≥= 
<

.

The multiplicity of random values distributed in the interval [ , )a +∞  according to this law is often referred 
to as Exp (r, a).

It is easy to prove that if X Exp∈ (r, a), the formula is true (see Appendix 1) VaR[X, p] = ln(1 )a p− − /r.

V. B. Minasyan



FINANCE: THEORY AND PRACTICE   Vol. 28,  No. 2’2024  FINANCETP.FA.Ru  150

Applying the formula (5) in this case, we get that [ , ]VaR X p+ = ln(1 (1 (0)) (0))X Xa F p F− − − − /r.

Let’s note that in our case 
1 , 0

(0)
0, 0

ra

X

e if a
F

if a

 − ≤= 
>

, then:

1)  if the value of demolition a 0≤ , we get

 [ , ]VaR X p+ = ln(1 1 )ra rae p e
a

r

− − +− ln(1 )ra p
a

r

+ −= − = ln(1 )p

r

−− ,

i.e. 
ln(1 )

[ , ]
p

VaR X p
r

+ −= − , in the process of conversion, the value of VaR  increased by a value  
 
equal – 0a ≥ , and became equal to the case when there is no demolition;

2)  if the value of demolition 0a > , we get [ , ] [ , ]VaR X p VaR X p+ = = ln(1 )p
a

r

−− , i. e. in this case,  
 
the conversion of the random value does not change the value of the risk measure VaR, which corresponds to 
the intuitive view of the situation.

We got the next formula:
ln(1 )

, 0
[ , ]

ln(1 )
, 0

p
a if a

rVaR X p
p

if a
r

+

− − >=  −− ≤
.

Let’s go to getting the formula of transformation of the risk measure ( )[ , ]nVaR X p  for ( , )X Exp r a∈ . Using 
formula (7) and expression for [ , ]VaR X p , we get:

1.  if the value of demolition 0α ≤ , we get

 ( ) [ , ]nVaR X p+ =
ln(1 [(1 (0))(1 (1 ) ) (0)])n

X XF p F
a

r

− − − − +
− =

ln(1 [ (1 (1 ) ) 1 ]) ln( (1 ) )ra n ra ra ne p e e p
a a

r r

− − − + − −= − = − = ln(1 )
.

n p

r

−= −

2.  if the value of demolition 0a > , we get

 ( ) [ , ]nVaR X p+ =
ln(1 [(1 (0))(1 (1 ) ) (0)])n

X XF p F
a

r

− − − − +
− = ln((1 ) )np

a
r

−− = ln(1 )
.

n p
a

r

−= −

We got the next formula:

( )

ln(1 )
, 0

[ , ]
ln(1 )

, 0

n

n p
a if a

rVaR X p
n p

if a
r

+

− − >=  −− ≤
.

From this formula, we can see that 1p → , ( ) [ , ]nVaR X p+  linear by n is aimed at  +∞ .
Accordingly, the formula for ( ) [ , ]tVaR X p+  with a random true value 1,t t m≥ = + α takes the form:

( )

ln(1 ) (1 )
, 0

[ , ]
ln(1 ) (1 )

, 0

m

t

m

p p
a if a

rVaR X p
p p

if a
r

+

 − − α− >= 
− − α− ≤

.
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Triangular distribution of the value of losses X with the summits of the base of the triangle in points ,a b  
and mode k, where , ,a b k R∈  and  a ≤  k b≤  are characterized by the distribution function

2

2

0,

( )
,

( )( )
( )

( )
1 ,

( )( )

1,

X

if x a

x a
if a x k

b a k a
F x

b x
if k x b

b a b k

if x b

≤
 − < ≤ − −= 

− − < ≤ − −


>

.

The multiplicity of triangularly distributed values in the interval [ , ]a b  will be indicated by ( , , )Tr a b k .
As you know (see [14]), if the value of losses is a random value ( , , )X Tr a b k∈ , then the formula is correct

(1 )( )( ), (1 )
[ , ]

( )( ), (1 )

b p b a b k if k a p bp
VaR X p

a p b a k a if k a p bp

 − − − − ≤ − += 
+ − − > − + .

Applying the formula (5) in this case, we get that

[1 ((1 (0)) (0))]( )( ),

(1 ((1 (0)) (0))) ((1 (0)) (0))
[ , ]

((1 (0)) (0))( )( ),

(1 ((1 (0)) (0)) ((1 (0)) (0))

X X

X X X X

X X

X X X X

b F p F b a b k

if k a F p F b F p F
VaR X p

a F p F b a k a

if k a F p F b F p F

+

 − − − + − −


≤ − − + + − +
= 

+ − + − −
 > − − + + − +

Let’s note that in our case  

2

2

0, 0

, 0
( )( )

(0)

1 , 0
( )( )

1, 0

X

if a

a
if a k

b a k a
F

b
if k b

b a b

if b

≥

 < ≤ − −= 
 − < ≤ − − ν


<

,

then:
1)  if 0a ≥ , we get

(1 )( )( ), (1 )
[ , ]

( )( ), (1 ) ,

b p b a b k if k a p bp
VaR X p

a p b a k a if k a p bp

+
 − − − − ≤ − += 

+ − − > − +

i.e. in this case [ , ]VaR X p+ = [ , ]VaR X p , which corresponds to our intuitive view of the transformation 
process;

2)  if 0a k< ≤ , we get
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2 2

2 2

2 2

2 2

2

[1 ((1 ) )]( )( ),
( )( ) ( )( )

(1 ((1 ) ))
( )( ) ( )( )

((1 ) );
( )( ) ( )( )

[ , ]

((1 ) )( )( ),
( )( ) ( )( )

(1 ((1
( )

a a
b p b a b k

b a k a b a k a

a a
if k a p

b a k a b a k a

a a
b p

b a k a b a k a
VaR X p

a a
a p b a k a

b a k a b a k a

a
if k a

b a

+

− − − + − −
− − − −

≤ − − + +
− − − −

+ − +
− − − −

=

+ − + − −
− − − −

> − −
−

2

2 2

) ))
( ) ( )( )

((1 ) ))
( )( ) ( )( )

a
p

k a b a k a

a a
b p

b a k a b a k a
















+ +
− − −


+ − +

− − − −

3)  if 0k b< ≤ , we get

2 2

2 2

2 2

2 2

2 2

2

[ ]( )( ),
( )( ) ( )( )

( )
( )( ) ( )( )

( 1 )
( )( ) ( )( )

[ , ]

( 1 )( )( ),
( )( ) ( )( )

( )
( )( ) ( )( )

(
(

b b
b p b a b k

b a b k b a b k

b b
if k a p

b a b k b a b k

b b
b p

b a b k b a b k
VaR X p

b b
a p b a k a

b a b k b a b k

b b
if k a p

b a b k b a b k

b
b

+

− − − −
− − − −

≤ − +
− − − −

+ + −
− − − −

=

+ + − − −
− − − −

> − +
− − − −

+
2

1 )
)( ) ( )( )

b
p

b a b k b a b k


















 + −

− − − −

or

2

2

2

2

2

1 ,

(1 )

( )( )

(1 )
(1 )

( )( )

[ , ] (1 )
(1 )( )( ),

( )( )

(1 )

( )( )

(1 )
(1 )

( )( )

b b p

b p
if k a

b a b k

b p
b

b a b k

VaR X p b p
a b a k a

b a b k

b p
if k a

b a b k

b p
b

b a b k

+

 − −


− ≤ + − −
 −+ − − −=  −+ − − − − −
 − > +

− −
 −+ −
 − −
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4)  if 0b < , we get [ , ]VaR X p b+ = ,
i.e. in this case, with any credible probability of positive values of risk (loss) does not occur.
The formulas for the conversion of risk measures ( )[ , ]nVaR X p  and  ( )[ , ]tVaR X p  for ( , , )X Tr a b k∈  the transition 

from random value X to value X +  are easy to write using the formulas (7) and (9) of the expressions for ( )[ , ]nVaR X p  
and  ( )[ , ]tVaR X p  for triangular distribution given in [6]. Because of their size, we do not bring them here.
Normal distribution of the value of losses X with parameters a  and s ( a  —  value of expected losses, σ  — 
standard deviation of the losses), where s 0,>  a R∈  is characterized by the distribution function

 2

2

1 ( )
( ) exp( )

22

x

X

t a
F x dt

ss −∞

−= −
π ∫ .

The multiplicity of random values distributed in the interval ( , )−∞ +∞ , according to this law is often referred 
as ( , )Nor a s .

As is known (see, for example, [8]), if ( , )X Nor a s∈ , then the formula is correct [ , ] pVaR X p a k s= + , where 

pk  —   standard normal distribution (with parameters 0a = and 1s = ).
Applying the formula (5) in this case, we get that

[ , ] [ ,(1 (0)) (0)],X XVaR X p VaR X F p F+ = − +
[ , ]VaR X p+ = (1 (0)) (0)X XF p Fa k s− ++ .

Let’s note that in our case 
1

(0)
2XF = , then 0,5 0,5[ , ] pVaR X p a k s+

+= + .

Go to obtaining the risk measure recirculation formula ( )[ , ]nVaR X p  для ( , )X Nor a s∈ .
Using formula (7) and expression for [ , ]VaR X p , we get:

( ) [ , ]nVaR X p+ = 0,5(1 (1 ) ) 0,5np
a k s− − ++ .

From this formula you can see that 1p →  ( ) [ , ]nVaR X p+  id aim at  +∞  with a speed that increases with the 
growth of n.

Accordingly, the formula for ( ) [ , ]tVaR X p+  with a random correct value 1,t t m≥ = + α takes the form:
( ) [ , ]tVaR X p+

0,5(1 (1 ) (1 )) 0,5mp p
a k s− − −α += + .

RisK MeasURes ES AND  ( )tES aNd ReVieWiNG theiR eValUatioNs  
iN the tRaNsitioN to RisK MeasURes ES +  AND  ( )tES +

Expectation distortion risk measures are often used to calculate economic capital. One of the frequently 
used distortion risk measures is the ES expected deficit measure. For example, the Basel Committee on 
Banking Supervision establishes an ES risk measure at a probability of 97.5% for the calculation of minimum 
capital requirements [16].

This measurement is applied both to assess the risks associated with the random amount of losses X, and 
to assume that the losses of X are non-negative ( 0X ≥ ).

It is natural to introduce the following definition of a conditional risk measure 0X ≥  subject to an expected 
deficit with a given probability p, as follows:

1[ , ] [ | [ , ]] [ | ( ) ( )],XES X p E X X VaR X p E X X F p+ + + −= > = >

where [ | ],E X A  indicates the conditional expectation of the random value X on condition of the performance 
of event A.
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We will try to understand the relationship between risk measures [ , ]ES X p  and  [ , ]ES X p+ .
Note that according to the definition of the risk measurement ES for the value X with the probability p, 
[ , ]ES X p , the ratio is correct:

                                  1[ , ] [ | [ , ]] [ | ( )],XES X p E X X VaR X p E X X F p−= > = > (0,1]p ∈ .  (10)

From the last ratio and definition [ , ]VaR X p  the expression follows

                                                                     
1( )

1
[ , ] ( )

1
X

X

F p

ES X p xf x dx
p −

+∞

=
− ∫ ,  (11)

from which you can extract (see, for example, [8]) a well-known formula:

                                              

1
11

[ , ] ( )
1 X

p

ES X p F q dq
p

−= =
− ∫

1
1

[ , ]
1

p

VaR X q dq
p− ∫ .  (12)

According to the risk measure [ , ]ES X p+  the ratio is correct:

                  1[ , ] [ | [ , ]] [ | ( ) ( )],XES X p E X X VaR X p E X X F p+ + + −= > = > (0,1]p ∈ .  (13)

Or using formulas (5) for [ , ]VaR X p+  we get

1

[ , ] [ | [ ,(1 (0)) (0)]]

[ | ((1 (0)) ) (0)].

X X

X X X

ES X p E X X VaR X F p F

E X X F F p F

+

−

= > − + =

= > − +

Then similarly to the formula (11) we get:

                              
1((1 (0) (0))

1
[ , ] ( )

1 ((1 (0)) (0))
X X X

X
X X F F p F

ES X p xf x dx
F p F −

+∞
+

− +

=
− − + ∫ .  (14)

Complete in the last integral the next replacement of the variable:

1((1 (0)) (0))X X Xx F F q F−= − + .

Note that at q p=  1((1 (0)) (0)X X Xx F F p F−= − + , and at 1q = 1(1)Xx F −= = +∞ .
From the theorem of the derivative reverse function, it follows that

1

1
(1 (0))

( ((1 (0)) (0))) X
X X X X

dx F dq
F F F q F−= −

− +′ 1

1
(1 (0))

( ((1 (0)) (0))) X
X X X X

F dq
f F F q F−= −

− + .

Therefore, from (14) follows:

1
1 1

1

1
[ , ]

1 ((1 (0)) (0))

1 (0)
((1 (0)) (0)) ( ((1 (0)) (0)))

( ((1 (0)) (0)))

X X

X
X X X X X X X

X X X Xp

ES X p
F p F

F
F F q F f F F q F dq

f F F q F

+

− −
−

= ×
− − +

−
× − + − + =

− +∫                            
1

11 (0)
((1 (0)) (0)) .

1 ((1 (0)) (0))
X

X X X
X X p

F
F F q F dq

F p F
−−

= − +
− − + ∫

  (15)   
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Replacing another variable in the last integral: (1 (0)) (0)X Xr F q F= − + .
Note that at q p= , (1 (0)) (0)X Xr F p F= − + , and at 1q = 1r = and (1 (0)) ,Xdr F dq= − and means, 

 
1

1 (0)X

dq dr
F

=
−

.

Therefore, from (15) we get
1

1

(1 (0)) (0)

1
[ , ] ( )

1 ((1 (0)) (0))
X X

X
X X F p F

ES X p F r dr
F p F

+ −

− +

=
− − + ∫ ,

of which, according to the formula (12) and we get the following important equation:

        [ , ] [ ,(1 (0)) (0)]X XES X p ES X F p F+ = − + .  (16)

Thus, in order to estimate the ES risk measure for the value of losses represented by the random value X, 
provided that 0X ≥ , with confidence probability p, it is sufficient to assess the risk measured by ES for the size 
of the losses presented by a random value X with confidence probability (1 (0)) (0)X XF p F− + .

Note. Obviously, for any (0,1]p ∈  the inequality is correct:

[ , ] [ , ]ES X p ES X p+ ≥ .

In the papers [6] and [7] examined the family of disaster risk measures “ES in degree t”, ( )[ , ]tES X p , which 
proved to be a subset of well-examined risk measurements considered in a large number of works (see [8–13]) 
of risk distortion expectation measures.

Let’s examine how risk assessments measured by catastrophic risk measurements ( ) [ , ]tES X p+ , relate to risk 
measures ( )[ , ]tES X p .

Let’s start with the case when the value of the “degree” t in  ( )[ , ]tES X p  is a natural number: .t n=
Let us note that in this case, as demonstrated in the paper [6], the correct formula

        ( )[ , ] [ ,1 (1 ) ]n nES X p ES X p= − − ,  (17)

which calculates the risk measurement of ES n degree n with probability p, to the calculation of the normal 
risk of ES with modified probability 1 (1 )np− − .

Then, using the formulas (17) and (16) applied to the random value X + , we get

             ( ) [ , ] [ ,1 (1 ) ]n nES X p ES X p+ += − − = [ ,(1 (0))(1 (1 ) ) (0)]n
X XES X F p F− − − + ,

или
                                    ( ) [ , ]nES X p+ =  [ ,(1 (0))(1 (1 ) ) (0)]n

X XES X F p F− − − + .  (18)

Thus, in order to assess the risk measurement of ES in degree n, assuming that the loss value takes only 
non-negative values  0X ≥ , with confidence probability p is sufficient to estimate the risk of ES for the value 
of losses represented by the random value X with confidence probability (1 (0))(1 (1 ) ) (0)n

X XF p F− − − + .
Note. It follows from the formulas (17) and (18) that in any (0,1]p ∈  is correct inequality: 
( ) ( )[ , ] [ , ]n nES X p ES X p+ ≥ .
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There is considerable interest in the ratio between risk measures ( )[ , ]nES X p  and  ( 1) [ , ]nES X p− + . In particular, 
which risk measure gives a greater risk assessment (2)[ , ]ES X p  or [ , ]ES X p+ ?

It turns out that the following statement is correct:
Statement
1.  If (0)Xp F> , then ( ) ( 1)[ , ] [ , ]n nES X p ES X p+ +≤ .
2.  If (0)Xp F< , then ( ) ( 1)[ , ] [ , ]n nES X p ES X p+ +≥ .
3.  If (0)Xp F= , then ( ) ( )[ , ] [ , ]n nES X p ES X p+ = .
Proof
Remember that according to the formula (18)

( ) [ , ]nES X p+ =  [ ,(1 (0))(1 (1 ) ) (0)]n
X XES X F p F− − − + ,

then
( 1)[ , ]nES X p+ =  1[ ,1 (1 ) ]nES X p +− − .

1.  When (0)Xp F> , 1 1 (0)Xp F− < − ,  i. e. 1(1 ) (1 ) (1 (0))n n
Xp p F+− < − − ,

then 11 (0) (1 ) (1 (0)) (0) 1 (1 )n n
X X XF p F F p +− − − − + < − − ,

i.e.
1(1 (0))(1 (1 ) ) (0) 1 (1 )n n

X XF p F p +− − − + < − − .

Then ( ) ( 1)[ , ] [ , ]n nES X p ES X p+ +≤ .

2.  When (0)Xp F< , 1 1 (0)Xp F− > − , i. e.  1(1 ) (1 ) (1 (0))n n
Xp p F+− > − − ,  

then 11 (0) (1 ) (1 (0)) (0) 1 (1 )n n
X X XF p F F p +− − − − + > − − ,

i.e.
1(1 (0))(1 (1 ) ) (0) 1 (1 )n n

X XF p F p +− − − + > − − .

Then ( ) ( 1)[ , ] [ , ]n nES X p ES X p+ +≥ .
3.  When (0)Xp F=

1(1 (0))(1 (1 ) ) (0) (1 )(1 (1 ) ) 1 (1 )n n n
X XF p F p p p p +− − − + = − − − + = − − .

Then ( ) ( 1)[ , ] [ , ]n nES X p ES X p+ += .

Then, consequence is correct:
Consequence
1.  If (0)Xp F> , then (2)[ , ] [ , ]ES X p ES X p+ ≤ .
2.  If (0)Xp F< , then (2)[ , ] [ , ]ES X p ES X p+ ≥ .
3.  If (0)Xp F= , then (2)[ , ] [ , ]ES X p ES X p+ = .
As is obvious (see [15]), without knowing the law of the distribution of losses, it is impossible to say which 

of the amounts of risk [ , ]ES X p  or (2)[ , ]VaR X p  more.
Furthermore, as demonstrated in the work [17], a measure [ , ]ES X p  is multiplied by a certain mix of risk 

measures (2)[ , ]VaR X p (2)[ , ]ES X p , namely, equal inequality [ , ]ES X p ≤ (2)[ , ]pVaR X p + (2)(1 ) [ , ]p ES X p−  
for any confidence probability p, i. e. the value of the risk measure [ , ]ES X p  does not exceed the probability-
weighted p and 1 —  p sum of risks measures (2)[ , ]VaR X p  and  (2)[ , ]ES X p .

Then, obviously, the next series of inequalities is correct:

[ , ]ES X p ≤ [ , ]ES X p+ ≤ (2) [ , ]pVaR X p+ + (2)(1 ) [ , ]p ES X p+− , 
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enabling a more rigorous assessment of catastrophic risks through the conversion procedure, using a suitable 
mix of risk measures (2) [ , ]VaR X p+  and  (2) [ , ]ES X p+ .

For instance, when the value of “degree” 1t ≥  in  ( )[ , ]tES X p  is a random substantial number, which is 
presented in the form t m= + α , where m —  is its whole part, and α — is its fractional part ( 0 ≤  α < 1),as 
demonstrated in work [6], the formula is correct

    ( )[ , ] [ ,1 (1 ) (1t mES X p ES X p= − − − αp)],  (19)

which calculates the risk measurement ES in degree t with probability p, to the calculation of the normal risk 
measure ES with modified probability 1 (1 ) (1 )mp p− − − α αp.

Then, using the formulas (16) and (19) applied in this case, we get: ( ) [ , ] [ ,1 (1 ) (1 )]t mES X p ES X p p+ += − − − α =
[ ,(1 (0))(1 (1 ) (1 )) (0)]m

X XES X F p p F− − − − α + ,

or
   ( ) [ , ]tES X p+ = [ ,(1 (0))(1 (1 ) (1 )) (0)]m

X XES X F p p F− − − − α + .  (20)

Thus, for the assessment of the risk measurement ES in degree t for the value of losses represented by the 
random value X, provided that 0X ≥ , with confidence probability p, it is sufficient to estimate the risk measured 
by ES for the size of the losses presented by a random value X with confidence probability 
(1 (0))(1 (1 ) (1 )) (0)m

X XF p p F− − − − α + .
Note. It follows from the formulas (8) and (9) that for any (0,1]p ∈  is correct inequality: 

( ) ( )[ , ] [ , ]t tVaR X p VaR X p+ ≥ .

tRaNsFoRMatioN oF RisK MeasURe ES  AND  ( )tES  aNd tRaNsitioN to RisK MeasURe ES +  
AND  ( )tES +  to ClassiCal loss distRibUtioNs

Consider the formula for the conversion of risk measures ES  and  ( )tES  to appropriate risk conditional 
measures, provided that 0X ≥  for some commonly used classical loss distributions.

Equal distribution of the value of losses X on the interval [ , ]a b .
A s  y o u  k n o w  ( s e e ,  f o r  e x a m p l e  [ 1 5 ] ) ,  i f  [ , ]X Uni a b∈ ,  t h e n  t h e  f o r m u l a  i s  

 
correct 

(1 ) (1 )
[ , ]

2

p a p b
ES X p

− + += .

In this case, we assume that 0a < , and  0b > , the transition is not trivial.
In this case, using the formula (16), we get:

(1 ((1 (0)) (0))) (1 ((1 (0)) (0)))1
[ , ]

1 (0) 2
X X X X

X

F p F a F p F b
ES X p

F
+ − − + + + + +

=
−

.

Note that in our assumptions (0)X

a
F

b a
= −

−
, then

(1 (0)) (0) (1 )
)X X

a a b a
F p F p p

b a b a b a b a
− + = + − = −

− − − −
, and means

[1 ] [1 ]
[ , ]

2

b a b a
p a p b

b a b a b a b aES X p+
− + + + −

− − − −= =
(1 ) (1 )

2

a bp a bp
a b

b a b a

− −+ + −
− − .
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I.e.

[ , ]ES X p+ =
(1 ) (1 )

2

a bp a bp
a b

b a b a

− −+ + −
− − .

Note, that 1p →  [ , ]ES X p b+ → .
Let us proceed to obtaining the appropriate formula for the transformation of the risk measure ( )[ , ]nES X p  

for [ , ]X Uni a b∈ . Using the formula (19) and the expression for [ , ]ES X p , we get

( ) [ , ] [ ,1 (1 ) ]n nES X p ES X p+ += − − =  
(1 (1 ) ) (1 (1 ) )

[ (1 ) (1 )]/ 2
n na b p a b p

a b
b a b a

− − − − − −+ + −
− −

.

Accordingly, the formula for ( ) [ , ]tES X p+  with a random correct value 1,t t m≥ = + α takes the form:

( )[ , ]tES X p+
1 (1 (1 ) (1 )) (1 (1 ) (1 ))

[ (1 ) (1 )]
2

m ma b p p a b p p
a b

b a b a

− − − − α − − − − α= + + −
− −

.

Variable exponential distribution of the value of losses X with parameters r and a , where 0,r > a R∈ .
It can be proved that if ( , )X Exp r a∈ , the formula is correct (see Appendix 2)

 
1 ln(1 )

[ , ]
p

ES X p a
r r

−= + − .

Applying in this case the formula (16) we get that

[ , ]ES X p+ =
ln(1 (1 (0)) (0))1 X XF p F

a
r r

− − −
+ − .

Note that in our case 
1 , 0

(0)
0, 0

ra

X

e if a
F

if a

 − ≤= 
>

, then:

1)  if the value of the demolition 0a ≤ , then (1 (0)) (0) 1ra ra
X XF p F e p e− + = + − ,

and we get

[ , ]ES X p+ = 1 ln( )ra rae e p

r r

−α + − 1 ln(1 )ra p

r r

+ −= α + − =

1
(1 ln(1 ))p

r
= − − , i. e. [ , ]ES X p+ = 1

(1 ln(1 ))p
r

− − ;

2)  if the value of the demolition 0α > , then (1 (0)) (0)X XF p F p− + = ,

we get [ , ] [ , ]ES X p ES X p+ = = 1 ln(1 )p−α + −
λ λ

, i.e. in this case, the transformation of the random  
 
value does not change the value of the risk measure ES, which corresponds to the intuitive view of the 
situation.

Thus, we have received the following formula:

1 ln(1 )
, 0

[ , ]
1

(1 ln(1 )), 0

p
a if a

r rES X p

p if a
r

+

− + − >= 
 − − ≤

.
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Let us proceed to obtaining the formula for the conversion of the risk measure ( )[ , ]nES X p  for ( , )X Exp r a∈ . 
Using the last expression and formula for ( )[ , ]nES X p , we get:

( )

1 ln(1 (1 (1 ) )
, 0

[ , ]
1

(1 ln(1 (1 (1 ) )), 0

n

n

n

p
a if a

r rES X p

p if a
r

+

 − − −+ − >= 
 − − − − ≤

,

and means

( )

1 ln(1 )
, 0

[ , ]
1

(1 ln(1 )), 0

n

n p
if a

r rES X p

n p if a
r

+

−α + − >= 
 − − ≤

From this formula, we can see that 1p →  ( ) [ , ]nES X p+  linear by n is aimed at  +∞ .
Accordingly, the formula for ( ) [ , ]tES X p+  with a random correct value 1,t ≥  t m= + α takes the form:

( )

1 ln[(1 ) (1 )]
, 0

[ , ]
1

(1 ln[(1 ) (1 )], 0

m

t

m

p p
a if a

r rES X p

p p if a
r

+

 − − α+ − >= 
 − − − α ≤

.

Triangular distribution of the X loss value with the tops of the base of the triangle in points ,a b  and mode 
k, where , ,a b k R∈  and  a ≤ k b≤ .

We can argue that if ( , , )X Tr a b k∈ , the formula is correct (see Appendix 3)

3 3 3

2
(1 )( )( ),

3
[ , ]

1 2
[ ( )( )( ( ) ( ) )],

1 3

k a
b p b a b k if p

b a
ES X p

k a b k k a
b a k b a k a p if p

p b a b a b a

− − − − − ≥ −=  − − − + − + − − − − <
 − − − −

.

Applying the formula (16) in this case, we get that

3 3 3

2
(1 ((1 (0)) (0))( )( ),

3

( (0)) / (1 (0))

1 2
[ , ] [ ( )( )

1 3

( ( ) ( ) ((1 (0) (0)) )],

( (0)) / (1 (0))

X X

X X

X X

X X

b F p F b a b k

k a
if p F F

b a

ES X p b a k b a k a
p

k a b k
F p F

b a b a

k a
if p F F

b a

+


− − − + − −


 −≥ − − −
= + − + − − × −
 − −× − − − +

− −
 −< − −

−

.
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Note that in our case  

2

2

0, 0

, 0
( )( )

(0)

1 , 0
( )( )

1, 0

X

if a

a
if a k

b a k a
F

b
if k b

b a b k

if b

≥

 < ≤ − −= 
 − < ≤ − −


<

,

and:

1)  if 0a ≥ , then
2) 

     3 3 3

2
(1 )( )( ),

3
[ , ]

1 2
[ ( )( )( ( ) ( ) )],

1 3

k a
b p b a b k if p

b a
ES X p

k a b k k a
b a k b a k a p if p

p b a b a b a

+

− − − − − ≥ −=  − − − + − + − − − − <
 − − − −

,

i. e. in this case в этом случае [ , ]ES X p+ = [ , ]ES X p , which corresponds to our intuitive view of the 
transformation process;

3)  if 0a k< ≤ , and

( (0)) / (1 (0))X X

k a
F F

b a

− − − =
−

2 2

( ) / (1 )
( )( ) ( )( )

k a a a

b a b a k a b a k a

− − − =
− − − − −

( 2 )
,

( )

k k a

k b a ab

−=
− −

we get
                  

2 2

3 3

2 2
3

2
[1 ((1 ) )]( )( ),

3 ( )( ) ( )( )

( )
;

( )

1 2
[ ( )( )( ( ) ( )

[ , ] 1 3

((1 ) ) )]
( )( ) ( )( )

( 2 )

( )

a a
b p b a b k

b a k a b a k a

k k a
if p

k b a ab

k a b k
b a k ap b a k a

ES X p p b a b a

a a
p

b a b k b a b k

k k a
if p

k b a ab

+


 − − − + − −

− − − −
 − ≥

− −
 − − + − − + − − − −= − − −

− − − − − − −


− < − −





;

4)  if 0k b< ≤ , we get
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2 2

2 2
3 3 3

2
[ ]( )( ),

3 ( )( ) ( )( )

( 2 )
;

( )

1 2
[ , ] [ ( )( )

1 3

( ( ) ( ) ( 1 ) )]
( )( ) ( )( )

( 2 )

( )

b b
b p b a b k

b a b k b a b k

k k a
if p

k b a ab

ES X p b a k b a k a
p

k a b k b b
p

b a b a b a b k b a b k

k k a
if p

k b a ab

+


 − − − −

− − − −
 − ≥

− −
= + − + − − × −
 − −× − − + −
 − − − − − −
 − <
 − −

,

or
                                    

2
3 3 3

2
1 ,

3
( 2 )

;
( )

1 2
[ , ] [ ( )( )

1 3

(1 )
( ( ) ( ) (1 ) )]

( )( )

( 2 )

( )

b b p

k k a
if p

k b a ab

ES X p b a k b a k a
p

k a b k b p

b a b a b a b k

k k a
if p

k b a ab

+


 − −
 − ≥

− −
= + − + − − × −
 − − −× − − −
 − − − −
 − <
 − −

;

5)  if 0b < , we get
[ , ]ES X p b+ = ,

i.e. in this case, with any credible probability of positive values of risk (loss) does not occur.
The formulas for the conversion of risk measures ( )[ , ]nES X p  and  ( )[ , ]tES X p  for ( , , )X Tr a b∈ ν  is easy 

to write using the formulas (18) and (20) the expressions for  [ , ]ES X p  in the case of triangular distribution 
obtained in Appendix 3. Because of their size, we do not bring them here.

Normal distribution of the value of losses X with parameters a  and s ( a  —  value of expected losses, s —  is 
the standard deviation of the losses), where 0,s >  a R∈ .

As is known (see, for example, [8]), if  ( , )X Nor a s∈ , then the formula is correct
 2exp( 0,5 )

[ , ] ,
(1 ) 2

pk
ES X p a s

p

−
= +

− π
,

 
where pk  —  standard normal distribution (with parameters 0a =  and  1s = ).

Applying the formula (16) in this case, we get that

2
(1 (0)) (0)exp( 0,5 )

[ , ]
(1 ) 2

X XF p Fk
ES X p a s

p

− ++ −
= +

− π
.

Note that in our case 
1

(0)
2XF = , then

2
0,5 0,5exp( 0,5 )

[ , ]
(1 ) 2

pk
ES X p a s

p

++ −
= +

− π
.
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Let us proceed to obtaining the formula for the conversion of the risk measure ( )[ , ]nES X p  for ( , )X Nor a∈ σ  
the transition to the appropriate risk conditional measure.

Using the formula (18) and the expression for [ , ]ES X p+ , we get:

2
0,5(1 (1 ) ) 0,5( )

exp( 0,5 )
[ , ]

(1 ) 2

npn
k

ES X p a s
p

− − ++
−

= +
− π

.

From this formula you can see that at 1p →  ( ) [ , ]nES X p+  is aimed at  +∞  at a speed that increases with 
the growth of n.

Accordingly, the formula for ( ) [ , ]tES X p+  with a random correct value 1,t t m≥ = + α takes the form:
2
0,5(1 (1 ) (1 )) 0,5( )

exp( 0,5 )
[ , ]

(1 ) 2

mp pt
k

ES X p a s
p

− − −α ++
−

= +
− π

.

CoNClUsioN
Most often we assume that the value of losses X is a random value distributed throughout the line ( , )−∞ +∞ . 
But sometimes researchers study the losses, assuming they are non-negative, 0X ≥ . In this paper, we first 
explore how the distribution of probability of this value is transformed by such a transition. We examine the 
formulas of transformation of risk assessment of different catastrophicity when adding this condition. As it 
turns out, when the random value of losses X, is replaced by the value X + , this does not affect the assessment 
of risk measures such as VaR , ES , ( )tVaR  and  ( )tES . However, when the random loss distribution is replaced 
by its conditional distribution under the 0X ≥ , condition, both the risk assessment formulas and their 
assessment values are changed, sometimes significantly.

We hope that the results of this study will contribute to a better understanding of the theoretical 
assertions relating to risk measurements, as well as the results of practical risk assessments, depending 
on whether the assessment was based on allowing losses to accept negative values or focusing just on 
positive values.
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APPENDICES
appendix 1

Statement
If ( , )X Exp r a∈ , then the formula is correct  ln(1 )

[ , ]
p

VaR X p a
r

−= − .
Proof
From the definition [ , ]VaR X p  it follows that its significance in any (0,1]p ∈  is the solution of 

the equation
( )XF x p= , i. e. ( )1 r x ae p− −− = , solving this equation relative to x, we get ln(1 )p

x a
r

−= − ,  
 
and therefore  ln(1 )

[ , ]
p

VaR X p a
r

−= − .

appendix 2
Statement
If ( , )X Exp r a∈ , then the formula is correct 1 ln(1 )

[ , ]
p

ES X p a
r r

−= + − .
Proof
It follows from the definition in Appendix 1 that:

ln(1 )
[ , ]

p
VaR X p a

r

−= − ,

but then 
1

1
[ , ] [ , ]

1

p

ES X p VaR X q dq
p

=
− ∫ ,  we get: 

1

1 ln(1 )
[ , ] ( )

1

p
q

ES X p a dq
p r

−= −
− ∫ .

Applying the integration by parts, we get:
1

1

1 1 1
[ , ] ( (1 )ln(1 ) | )

1

p

pES X p a ap q q dq
p r r

= − + − − + =
− ∫  

1 1 1
( (1 ) (1 )ln(1 ) (1 ))

1
a p p p p

p r r
= − + − − + − =

−
 1 ln(1 )p
a

r r

−+ − , then  1 ln(1 )
[ , ]

p
ES X p a

r r

−= + − .
 

appendix 3

Statement
If ( , , )X Tr a b k∈ ,  then the formula is correct

3 3 3

2
(1 )( )( ),

3
[ , ]

1 2
[ ( )( )( ( ) ( ) )],

1 3

k a
b p b a b k if p

b a
ES X p

k a b k k a
b a k b a k a p if p

p b a b a b a

− − − − − ≥ −=  − − − + − + − − − − <
 − − − −

.

Proof
As you know (see [12]), if the value of losses is a random value ( , , )X Tr a b k∈ , then the formula 

is correct 

(1 )( )( ), (1 )
[ , ]

( )( ), (1 ) .

b p b a b k if k a p bp
VaR X p

a p b a k a if k a p bp

 − − − − ≤ − += 
+ − − > − +

However, since inequality (1 )k a p bq≤ − +   is equal to inequity b k
p

b a

−≥
−

, and inequality 
 

(1 )k a q bq> − +  is equivalent to inequality b k
p

b a

−<
−

, the expression for [ , ]VaR X p  can be rewritten as:
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(1 )( )( ),
[ , ]

( )( ), .

k a
b p b a b k if p

b aVaR X p
k a

a p b a k a if p
b a

− − − − − ≥ −=  − + − − < −

As we know, the formula is correct 
1

1
[ , ] [ , ]

1
p

ES X p VaR X q dq
p

=
− ∫ .

There are two possible cases:

а) if k a
p

b a

−≥
−

, then
1

1
[ , ] [ (1 )( )( )]

1
p

ES X p b q b a b k dq
p

= − − − − =
− ∫

3 11 2
( (1 ) ( )( )) |

1 3 pbq q b a b k
p

= + − − − =
−

31 2
( (1 ) (1 ) ( )( ))

1 3
b p p b a b k

p
− − − − − =

−

2
(1 )( )( ))

3
b p b a b k= − − − − ,

i.e.
[ , ]ES X p

2
(1 )( )( ))

3
b p b a b k= − − − − ;

b) if k a
p

b a

−<
−

, then

1
[ , ] [ ( )( )]

1

k a

b a

p

ES X p a q b a b k dq
p

−
−

= + − − +
− ∫

1
1

[ (1 )( )( )]
1

k a

b a

b q b a b k dq
p −

−

− − − − =
− ∫

31 2
[ ( )( )] |

1 3

k a

b a
paq q b a b k

p

−
−= + − − +

−
3 11 2

[ (1 ) ( )( )] |
1 3 k a

b a

bq q b a b k
p −

−

+ − − − =
−

3 31 2
[ ( ) ( )( )( ( ) )

1 3

k a k a
a p b a b k p

p b a b a

− −= − + − − − +
− − −

32
(1 ) ( )( ) (1 ) ]

3

k a k a
b b a b k

b a b a

− −+ − − − − − =
− −

3 3 31 2
[ ( )( )( ( ) ( ) )]

1 3

k a b k
b a k ap b a b k p

p b a b a

− −= + − − + − − − −
− − − .

Thus, we get:

3 3 3

2
(1 )( )( ),

3
[ , ]

1 2
[ ( )( )( ( ) ( ) )],

1 3

k a
b p b a b k if p

b a
ES X p

k a b k k a
b a k b a k a p if p

p b a b a b a

− − − − − ≥ −=  − − − + − + − − − − <
 − − − −

.
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