FINANCIAL RISKS

ORIGINAL PAPER

DOI: 10.26794/2587-5671-2024-28-2-143-165
UDC 336.763(045)
JEL G11,G12, 617, G32

Transformation of Various Measures of Financial
Risks with their Limitation on Outcomes Associated
with Losses

@)oo

V.B. Minasyan
Higher School of Finance and Management, Russian Presidential Academy of National Economy and Public
Administration, Moscow, Russia

ABSTRACT

In assessing the risk of investing in various financial assets, risk management focuses on the analysis of the worst
possible losses (the right tail of the loss distribution). At the same time, most often, when speaking about losses, it is
assumed that losses can, in principle, take on negative values (which corresponds to receiving positive profits). However,
there are many theoretical studies suggesting that losses take only positive values. Many risk managers use only a
portion of the sample of data that corresponds to positive losses when assessing the relevant risk measures using the
statistical method or the Monte Carlo method. The purpose of this paper is to study the transformation of risk estimates
of various levels of catastrophicity with such a change in the space of elementary events, and hence the law of loss
distribution. The paper uses methods of analysis of financial risks of various levels of catastrophicity, including methods
developed in the author’s previous papers. As a result of the study, it turned out that with such a transformation of the
random value of losses, all the most important estimates are significantly transformed with the help of risk measures of
various catastrophicity. The author concludes that the theoretical conclusions of the work will also contribute to a more
conscious understanding of the theoretical results and the results of practical risk assessments, depending on the basis
on which this assessment was made: allowing losses to accept negative values or focusing only on their positive values.
Keywords: transformation of risk measures; limitation of risk measures on losses; catastrophic financial risks; risk
measures distortion of expectation; coherent measures of financial risks; measures of risk VaR in degree t; risk measures
ES to the power t
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INTRODUCTION value of X can, in principle, take any both positive

The main subject of research in both risk
management and insurance business are risks that
are modeled in the form of random X values of
interest to risk managers or actuaries. Assessment
and management of these risks are the main tasks
that are addressed by these specialists. From the
point of view of risk analysis, the value of the adverse
values of X, and the extent of their possibilities,
which are determined by the law of the distribution
of the value X are of interest. Often by the random
value that acts on the relevant risk, we understand
the value of the profit— and then the unfavorable
values are represented by the negative values of the
gain; or the amount of the losses — and so the
undesirable value is presented as the positive value
of losses. But this is most often assumed that the
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and negative values. In this paper we will consider
that the value X represents the losses, and its positive
values will be interpreted as losses and the negative
values — as the corresponding profits. After all,
initially, engaging in business, the entrepreneur
hopes to get a certain profit, but understands that
everything can end up fixing losses, which is
perceived as a corresponding manifestation of risks.
Therefore, we assume that the value of losses X is a
random value distributed across the line (—oo,+0).
Sometimes researchers study the losses, assuming
a priori they are non-negative, X >0 (for example,
[1]. In fact, investments can result in both profits and
losses. And then the non-negative assumption of losses
means that the researcher or company risk manager
in the practice of risk analysis focuses only on the
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results that lead to losses. In this study, we would like to emphasize the fact that the probability distribution
for this value of losses will differ from the probability distribution for the value of losses distributed across the
line (—oo,+o0) . And accordingly, risk assessments with one and the other representation of the random value
representing the risk will differ sometimes significantly. The study of the extent to which the risk assessment
may change from a single representation of a corresponding random value as distributed throughout the line
(—o0,+00) t0 a representation as a random value assuming that only its positive values are realized has not been
adequately addressed. We tried to examine this problem in detail.

RELATION OF THE LAW OF THE DISTRIBUTION OF THE RANDOM VALUE X
WITH IT’S LIMITATION TO POSITIVE VALUES ONLY

Let us be interested in the risk of losses associated with the values of the random value X, taking values on the
entire line (—eo,+o0). Select the distribution function through F,(x), x € (—,+o0). As is known,
Fy(x)=P[X < x] (via P[A] through indicated the probability of a random event A). Suppose there is a
continuous density of the distribution of the value X, fy(x), X € (—oo,+e0). At the same time [ (x)= Fy(x).

Suppose the researcher focuses only on the outcomes associated with real losses when X > 0. At the same
time, this concentration leads to two different approaches to the study of the losses.

1. At the time interest is reduced to the replacement in the study of X values by the values X, , associated
with the random value of X as follows:

+

_[Xifx=0
~10,if X <0.

Note that the value X, can also be represented as follows: X, = X/, ., , where I, is indicated by the
indicator function of the event A:

L if event Ais executed
00, if event Ais not executed

It is intuitively apparent that the characteristics of the X, value distribution will differ from the corresponding
characteristic of the random X distribution. Let’s try to get expressions for the distribution function and density
X, through the corresponding characteristics for X.

If F X, (x) identify by the distribution function for X, ,i.e. F X, (x)=P[X, < x].Suppose that x >0, then
by the formula of full probability we get:

Fy (x)=P[X, <x|X >0]P[X >0]+ P[X, <x|X <0]P[X <0]=

= P[X, <x| X =0]P[X >0]+ P[0<x|X <0]P[X <0]

(here and then through P[A| B] is indicated the conditional probability of event A on condition of event B),
but, given that, obviously, Pr[0 < x| X <0]=1, we get:

PlO< X <x]
PIX >0]

- Pl0< X <x]+ P[X <0]= P[X <x].

Fy (x)= PIX =20]+ P[X <0]=
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Then we get that at x>0, Fy (x) = Fy(x),and it’s obvious that when x <0, Fy (x)=0,

Fy(x),if x>0
0, ifx<0.

we get FX+ (x)= { o))

Accordingly, if we mark through f X, (x) the density of the distribution of the value X, , because at x >0
fx+ (x)= F)}+ (x)= fy(x), we get the formula fX+ (x)= [y (X) o0y + F (0)5(x), )
which is correct for all values of x, where § (x) — is the known Dirac §-function.

We see how the distribution function evolved when we switched from losses modeling as a random value X
to random value X, modeling.

The resulting expressions are the following expressions for calculating the expected value and the dispersion
of arandom value X, :

o0
EIX. 1= | xfy (x)d,
o 0

DIX, 1= [ X fy(x)dx— ([ xfy (x)dx)’.
0

0

We see how the expressions of both the expected value and the dispersion were transformed as we moved
from the modeling of the value of losses as a random value of X to its modeling in the form of the random value
X, . We understand that when assessing the risk in the form of a loss dispersion, the risk assessment when
changing the representation of losses as X value to their representation as a value X, can vary considerably.

2. In other cases, interest is reduced to the replacement in the study of the distribution function of a
random value X F,(x) with its conditional distribution with the condition of realization of the event of real
loss, i.e. X > 0 (on the concept of the conditional-distribution function, see, for example, [1]), which we will
indicate Fy(x), where Fy(x)=Pr[X <x|X >0].

It is intuitively obvious that this function of the conditional distribution of a value X will be different from
the random distribution function of X, X, Fy (x). Let’s try to get expressions for Fy (x) functions through
Fy(x).

P0<X<x] Pl0<X<x]

Let’s x >0, then it’s obvious that Fy (x)= .
PX>0] 1-P[X<0]

F -F (0
Using the definition of the distribution function, we get: Fy (x)= % atx>0.
. ¢

Given that with all x <0, F ; (x) =0, we get the final expression of the function of the conditional distribution

F{ (x) through the random value distribution function X:

F)((x)_Fx(O) ifx>0
Fy(x)= 1-F,(0) ’ (3)
0,if x<0.

We see how the distribution function evolved in the transition from the function of unconditional distribution
of the losses Fy(x) to its modeling in the form of the given function of the conditions of distribution.
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Accordingly, if we indicate through fy (x) the density of the conditional distribution of the value X with

I g
the condition X > 0, then fy (x)=(Fy )’ (x), we get: fy (x) =1 1-F;(0) ’ 4)

0,if x<0.

We see how the density of the distribution evolved when we switched from the unconditional distribution
of the losses F, (x) to its modeling in the form of a given function of the conditions of distribution.

The resulting expressions are obviously followed by the expressions for calculating the corresponding
conditional expected value and the conditional dispersion of a random value X:

+oo

PR |

E'XI= 5 ! Xy (x)dx,
DX = [ o= ([, ey
1-F(0) 3~ " (1- F(0)> 4 =¥ .

We see how the expressions of both the expected value and the dispersion changed when moving from
the loss model in both cases. In general, we understand that when assessing the risk in the form of a loss
dispersion, the risk assessment when changing the representation of losses as a value X to their representation
in both types may vary considerably.

RISK MEASURES VaR AND VaR‘”), THEIR TRANSFORMATION OF VALUATIONS
IN THE TRANSITION FROM REPRESENTATION OF LOSSES X TO REPRESENTATION
IN MODIFIED VARIANTS

Value of risk (VaR) is one of the most commonly used risk measures in risk management and actuarial
science (see, for example, [3-5]).

1. Consider how this risk measure is transformed when we move from the random loss value of X to the
random value X, , suggesting that the loss of X is non-negative (X >0). Let’s try to understand the
relationship between the estimates.

Note that according to the determination of the risk measure VaR for value X with probability p, VaR[ X, p],
the ratio is correct:

VaRIX,pl=Fy'(p), pe(0.1]-

Accordingly, for the risk measurement VaR in the risk assessment modeled by a random value X, ,
VaR[X,, p], the ratio is correct:

VaR[X,,pl=Fy'(p), pe(0,1].

However, according to the formula (1) at x>0 FX+ (x)= Fy(x) to determine VaR,(X,) it is necessary for
anyone p € (0,1] to solve the equation Fy(x)= p,and therefore a p €(0,1], which may be of interest, we get
VaR[X,,pl=VaR[X, p].

Thus, when estimating the risk measure VaR for the value of losses for any positive trust probability, there
is no change in the risk assessment when moving from the random value X to the value X, .

In the papers [6] and [7] studied the disaster risk measures “VaR in degree t”, VaR(’)[X , P], which proved
to be a subset of well-examined expectation distortion risk measurements considered in large numbers of
papers (see [8-13]).
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For a risk measures VaR is in “degree” ¢ >1 VaR(’)[X , P],as demonstrated in paper [6], where the value of
“degree” t 21 is an random substantive number, which is presented as # = m+ a, where m — is its whole part,
and o —is its fraction (0 < a< 1), the formula VaR"[X, pl=VaR[ X, 1-(1- p)"(1—- ap)] is correct.

Of course, for the family of risk measures VaR in the “degree” ¢ >1 the formula VaR" [ X »Pl= VaR"[ X, plis

correct.
The transition of losses modeling to random value X, instead of X — is quite harmless if you evaluate risks

using VaR"[ X, p] risk measure.

It is therefore clear that all other quantum risk measures, including ES and ES‘” (see [7]), will not be affected
by this transformation.

Therefore, we will continue to focus only on the case of the second option of consideration of risk conversion
with a focus on events of real losses, i.e. X >0.

2. In this case, the study replaces the distribution function of the random value X, Fy(x) with its
conditional distribution, subject to the realization of the event of the real loss, i.e. X>0, Fy(x).

Fy(x) = F, (0)

According to formula (3) at x>0 F. (x)=
g 3 X( ) l—FX(O)

It is essential to introduce the following definition of the measure of assumptive value at risk, which we
shall designate VaR*[X, p] as the solution of the following equation: Fy (X)=p.

Fy ()= Fx(0) _

So for determination VaR™[ X, p] it is necessary for anyone p € (0,1] to solve an equation _F.(0)
— Iy

that is equivalent to the equation Fy(x)=(1-F,(0))p+ F,(0) , whose solution is presented as:
x=(Fy Y= F,}l((l —F,(0))p+ Fy(0)), from which we get the following important equation:
VaR'[ X, pl=VaR[X,(1- F,(0))p+ F, (0)]. 5)

Thus, in order to assess the risk measure conditional VaR for the value of losses, provided that they are
realized (X > 0) with confidence probability p, it is sufficient to estimate the risk of VaR for the amount of the
losses represented by the random value X with confidence probability (1- Fy (0)) p+ F (0).

Note. From the formula (5) it follows that for any p €(0,1] inequality is correct:

VaR"[ X, pl2VaR[ X, p], which follows that inequality (1— F(0)) p+ F;(0) > p is correct.

Let us now examine how risk estimates represented by random values measured by catastrophic risk measures
VaR" [X, p], are transformed by the transition to the corresponding risk conditional measures VaR" )[X , Pl
at a condition of X > 0, which we will mark VaR"*[ X, p].

The “degree” value of t in VaR"™[X, p] is a natural number: 7 = n.

Let us note that in this case, as demonstrated in the paper [6], the correct formula

VaR™[X, p]=VaR[X,1-(1-p)'], (6)
which calculates the risk measurement VaR in degree n with probability p, to the calculation of the normal risk
measured VaR with modified probability 1-(1- p)".

Then, using the formulas (6) and (5), we get:

VaR™*[X,pl =VaR"[X,1-(1-p)"]=

=VaR[X,(1-F (0)(1-(1-p)")+ Fy (0],
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or VaR"™*| X, p]=
=VaR[X,(1- Fy (0)(-(1-p)")+ Fy (0)]. 0]

Thus, in order to assess the VaR risk measurement of degree n, for the losses represented by the random
value X with the condition X > 0 with confidence probability p, it is sufficient to estimate the risks measure
VaRr for the loss of the random value X with confidence probability (1— F, (0))(1-(1—- p)")+ F,(0).

Note. It follows from the formulas (6) and (7) that for any p € (0,1] the correct inequality:

VaR"™ [ X, pl=VaR"™[ X, p],which follows correct inequality (1— Fy (0))(1=(1-p)")+ F, (0) > (1-(1- p)".

There is considerable interest in the relationship between risk measures VaR"[X, p] and VaR" "*[ X, p].
In particular, which risk measure gives a greater risk assessment: VaR®[X, p] — or VaR[X P17

The following inequality is correct.

Statement

For confidence probability values p > F, (0), VaR"[X, p]> VaR" [ X, p].

For confidence probability values p < F, (0), VaR"[X, p]< VaR" ™ "*[ X, p].

At confidence probability p = F,(0), VaR"™[X, p]= VaR" [ X, p].

Proof

According to the paper [6] [6], VaR"™[X, p]=VaR[X,1-(1- p)"] , and according to the formula (7),
VaR" ™[ X, pl==VaR[X,(1- F,(0))(1-(1- p)" ")+ F, (0)],it is enough to compare the quantities 1—(1— p)"
and (1-F,(0))(1-(1— p)”’1)+FX(O). Considering their difference, we get an expression: 1—-(1- p)" —
(1-F,(0))d-q -p)" N+ Fy(0)= (1-F,(0))(1 -p)" —-p) = 1-p)" N (p- F;(0)) , which is obviously
not negative for p > F, (0), not positively at p < F,(0) and equals zero at p = F,(0).

Statement is proved.

Consequence

For confidence probability values p > Fy (x), VaR®[X, p]= VaR'[ X, p].

For confidence probability values p < Fy (x), VaR?[X,pl< VaR*[ X, p].

At confidence probability p=F, (x), VaR®[X, pl=VaR'[ X, p].

In the case that the value of “degree” ¢ >1 B VaR"[X, p] is an random real number which is represented
as t=m+ a, where m — is its whole part, and a — its fractional part (0< a < 1), the formula
VaR?"[X, p]=VaR[X 1-(1- p)"(1-ap)], ®)
proved in [6] is correct, which reduces the calculation of VaR risk measure to the degree t with the confidence
probability p, to the calculation of the normal VaR risk measure with a modified confidence probability
1=(1-p)"(1- ap).

Then using formulas (8) and (5) we get: VaR"7[X,pl=VaR'[X,1-(1-p)"(1- ap)] =

= VaR[X,(1- Fy (0))(1-(1- p)"(1-ap)) +Fy(0)], or

VaR"*[X, p]= VaR[X (1~ Fy (0))(1~ (1~ p)" (1~ ap)) + Fy (0)]. ©)

Thus, to estimate the conditional risk measure of VaR to the degree t for the value of the loss represented
by the random value X under the condition X > 0 with the confidence probability p, it is sufficient to estimate
the risk measure of VaR for the value of the loss, represented by a random quantity X with a confidence probability
(1= Fy (0)(A-(1-p)" (- ap)) +Fy (0)].

Note. It follows from formulas (8) and (9) that for any pe(0,1] equitable inequality:
VaR"|[ X, p]>VaR""[ X, p], which follows from the obviously correct inequality (1— F, (0))(1—(1- p)"(1-
—ap))*+ Fy(0)= (1-(1-p)"(1- ap).
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TRANSFORMATION OF RISK MEASURES VaR AND VaR™ IN THE TRANSITION TO VaR*
AND VaR*™" FOR CLASSICAL LOSS DISTRIBUTIONS
Let us move on to consider formulas for the transformation of risk measures VaR and VaR" in the case of the
X-value representation of losses, to risk measures VaR* and VaR*" to some commonly applied classical loss
distributions.
The equal distribution of the value of losses X on the interval [a,b] is characterized by the

0,if x<a

—a .
Jdfa<x<h.

Lif x>b

distribution function Fy(x)=

The multiplicity of equally distributed values in the range [a, b] is often indicated as Unila,b] .
As is known (see, for example, [14, 15]), if X € Uni|a,b], the formula VaR[ X, p]= pb+(1— p)a is correct.
We assume in this case that a< 0, and b >0, the transition from X to X . was not trivial.
Applying in this case formula (5) we get that VaR'[X,p]l= [(1-Fy(0))p+ Fy(0)]b+
+[1-(1=Fy(0))p— F(0)]a.
Note that in our assumptions F, (0) = —b— then VaR"[ X, p]= [— p ——]b +
b b b? ab b(b— a)

— — = -_ bl
b—a b—ap]a b—ap b—ap b—a P

i.e. VaR*[ X, p]l=bp.

Let us proceed to obtaining the formula for the conversion of the risk measure VaR"™[X, p] at X € Unila,b]
. Using formula (7) and expression for VaR[ X, p], we get

VaR™* X, pl= [(1= F(0)(1~(1~p)")+ Fy (0)]b+

* [1=(1=F (0)(A-(1=p)") = Fy(0)]a=

:[<l+ﬁ><l—(l—p>" _p))a=

" [bia—(l—(l—p)"))a.
—da

From this formula, it is seen that at p — 1, VaR"*[ X, p] with a high speed, it moves to b, and the speed
of the quest increases with the rise of degree n.
Accordingly, the formula for VaR"*[X, p] with a random real value ¢ > 1, = m+a. takes the form:

]b+

VaR" X, pl =[2—(1~(1=p"(1-eo) p—a ¥ 12 (1=0=(1= py" (1= ap)e

Localized indicative distribution of the loss value of X with parameters r and a, where r >0,

1_ —-r(x—a) - >
ae R is characterized by the distribution function F) (x)= ¢ fxza .
0,ifx<a
The multiplicity of random values distributed in the interval [a,+e0) according to this law is often referred
toas Exp(r, a).
It is easy to prove that if X € Exp (r, a), the formula is true (see Appendix 1) VaR[X, p] =a—In(1- p) /r.
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Applying the formula (5) in this case, we get that VaR"[X, p]= a—In(1-(1— F,(0))p— F, (0)) /r.

1-e", ifa<0
0,if a>0

1) if the value of demolition a< 0, we get

Let’s note that in our case F, (0)= { , then:

_ln(l—e"’p—1+e"’) _a_ra+1n(1—p) _ _Ind-p)
r r ro

VaR'[X,pl=a

. In(1- . . .

i.e. VaR*[X,p]:—(—p), in the process of conversion, the value of VaR increased by a value
r

equal —a >0, and became equal to the case when there is no demolition;

2) if the value of demolition a>0, we get VaR"[X, p]=VaR|X,pl=a , i.e. in this case,

_In(1-p)

r
the conversion of the random value does not change the value of the risk measure VaR, which corresponds to

the intuitive view of the situation.
We got the next formula:

In(1- p)
a —_——

VaR* [ X, p]= d

In(1-
_M’!f a < O
r

Jif a>0

Let’s go to getting the formula of transformation of the risk measure VaR(”)[X ,pl for X € Exp(r,a). Using
formula (7) and expression for VaR[ X, p], we get:
1. if the value of demolition o <0, we get

_Ind-[A-F (0)(A-(1-p)")+ F O] _
r

VaR™*[ X, pl=a

_  nd=[e"d-(1=p))+1-€¢"]D _ _ In("(1-p)") _

__nln(l—p)
r r r '

2. if the value of demolition a >0, we get

_Ind-[A-F,O)A-A=p))+ £OD _ _In((d=p)") __ n#in(d-p)

r r r

VaR"™*[X,pl= a

We got the next formula:
g nin(1- p)

VaR"™* [ X, p]=
_nln(l—p),if 2<0

Jf a>0

r

From this formula, we can see that p — 1, VaR™*[X, p] linear by n is aimed at +oo.
Accordingly, the formula for VaR‘”*[ X, p] with a random true value f > 1, = m+ « takes the form:

a_ln(l—p)’”(l—ocp)’lfwo

VaR(’)+[X,p]: . mrl
_In(d-p)"( —ocp)’l.f
r

a<(
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Triangular distribution of the value of losses X with the summits of the base of the triangle in points a,b
and mode k, where a,b, ke R and a< k < b are characterized by the distribution function

0,if x<a
(x-a)’
(b—a)(k—a)
(b—x)*
" (b—a)(b—k)
Lif x>b

Jfa<x<k
Fy(x)=
Jfk<x<b-

The multiplicity of triangularly distributed values in the interval [a,b] will be indicated by Tr(a,b,k) .
As you know (see [14]), if the value of losses is a random value X € Tr(a,b, k), then the formula is correct

b=[(1—-p)(b—a)(b—k),if k <a(l- p)+bp

a++pb—a)k—a),if k>a(l- p)+bp

VaR| X, p]= {

Applying the formula (5) in this case, we get that

b=\l1=((1= F(0) p+ F, (0))1(b—a)(b—k),
VaR* if k<a(=((1=Fy(0))p+ Fy(0)))+b((A= Fy (0)) p+ F (0))
aR"[X, pl=
a+ (1= F(0)) p+ F (0)(b-a)(k —a),
if k>a(1=((1-Fy(0)) p+ Fy (0)+b((1- Fy (0)) p+ F (0))

0,ifa>=0

a2

(b—a)(k—a)

b
(b—a)(b-v)

Lifb<0

Jfa<0<k
Let’s note that in our case Fy(0)=

K

Jifk<0<b

then:
1) if a>0,we get

b—(1=p)(b—a)(b—k),if k <a(l- p)+bp

a++ plb—a)(k—a),if k >a(l- p)+bp,

i.e. in this case VaR"[X, p]= VaR[X, p], which corresponds to our intuitive view of the transformation
process;

VaR*[ X, p]= {

2) if a<0<k,we get
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a2

a2
b—J[l—((l—(b_a)(k_a)>p+(b_a)(k_a)n(b—a)(b—k),

a’ a’

ifk<a(l-((1- (b—a)(k—a))p+ (b—a)(k—a)

a’ a’

= ) ook —a)

)+

);
VaR*[ X, p]=

612 a2
=G a0,

. a2 a2
hez =G =’ =-ayh—a) "
a2 a2
O = ek
3) if k<0<bh,weget
b? b?
b_\/[(b—a)(b—k)_(b—a)(b—k)p](b_a)(b_k)’
. b’ b?
ks -0 b-a6-0 "t
2 b2
A TS TS|
VR X pe) OB G-a)b—k)
b’ 1- b’ b—a)(k—a)
N’ bao-r P TO*
. b* b?
T ST T S
2 2
o —a6-0" T mat-1
b—b\l1-p,
l-fkgam
(b—a)(b-k)
(b-a)(b—k)

VaR" [X,p]l= b2 (1-p)
a+\/(l—m)(b—a)(k_a),
ifk>a—b2(l_p)

(b-a)(b—k)
+b(1——b2(1_”) )
(b-a)(b—k)
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4) if b<0,we get VaR'[X, p]=b,

i.e. in this case, with any credible probability of positive values of risk (loss) does not occur.

The formulas for the conversion of risk measures VaR™[X, p] and VaR"[X, p]for X e Tr(a,b, k) the transition
from random value X to value X, are easy to write using the formulas (7) and (9) of the expressions for VaR"™[ X, p]
and VaR"[X, p] for triangular distribution given in [6]. Because of their size, we do not bring them here.

Normal distribution of the value of losses X with parameters ¢ and s (¢ — value of expected losses, 6 —
standard deviation of the losses), where s >0, a € R is characterized by the distribution function

X 2

; J. eXp(— (t _‘;)
2ms - 2s

The multiplicity of random values distributed in the interval (—eo,+o0), according to this law is often referred
as Nor(a,s).

As is known (see, for example, [8]), if X € Nor(a,s), then the formula is correct VaR[ X, p]=a+k s , where
k, — standard normal distribution (with parameters ¢ =0ands=1).

Applying the formula (5) in this case, we get that

Fy(x)= )dt .

VaR"[X, pl=VaR[ X ,(1- F;(0))p+ F,(0)],
VaR"[X,p]= a+k(1—FX(O))p+FX(0)S'

Let’s note that in our case F (0)= %, then VaR™[X, pl=a+kys,.sS-

Go to obtaining the risk measure recirculation formula VaR™[X, p] nns X € Nor(a,s).
Using formula (7) and expression for VaR[ X, p], we get:

VaR™*[X,pl= a+ky s\ moss-

From this formula you can see that p —1 VaR™*[X, p] id aim at +oo with a speed that increases with the
growth of n.

Accordingly, the formula for VaR‘"*[ X, p] with a random correct value ¢ > 1,¢ = m+ a takes the form:

VaR"*[X,p] =a+ k0,5(1-(1— Y (-ap))+0,5° °
RISK MEASURES ESAND ES“ AND REVIEWING THEIR EVALUATIONS
IN THE TRANSITION TO RISK MEASURES ES* AND ES“*

Expectation distortion risk measures are often used to calculate economic capital. One of the frequently
used distortion risk measures is the ES expected deficit measure. For example, the Basel Committee on
Banking Supervision establishes an ES risk measure at a probability of 97.5% for the calculation of minimum
capital requirements [16].

This measurement is applied both to assess the risks associated with the random amount of losses X, and
to assume that the losses of X are non-negative (X >0).

It is natural to introduce the following definition of a conditional risk measure X >0 subject to an expected
deficit with a given probability p, as follows:

ES*[X,pl= E[X | X >VaR"[X,pll= E[X| X >(F)"(p)],

where E[X | A], indicates the conditional expectation of the random value X on condition of the performance
of event A.
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We will try to understand the relationship between risk measures ES[X, p] and ES*[X, p].
Note that according to the definition of the risk measurement ES for the value X with the probability p,
ES[X, p], the ratio is correct:

ES[X,pl=E[X|X >VaR[X,pll=E[X|X > F;'(p)], pe(0,1]. 10)

From the last ratio and definition VaR[X, p] the expression follows

oo

j Xfy (x)dx , 11)

Fi'(p)

1

ES[X, p]=
1-p

from which you can extract (see, for example, [8]) a well-known formula:

. 1
ESIX, pl=— [ Fi@¥a =1 [VaRLX.aMg. 1)
p p

According to the risk measure ES*[ X, p] the ratio is correct:
ES*[X,pl= E[X| X >VaR*[X,pl]= E[X | X >(F{)"(p)], pe(0,1]. (13)

Or using formulas (5) for VaR*[ X, p] we get
EST[X,pl=E[X|X >VaR[X,(1- F;(0))p+ F,(0)]]=
= E[X | X > F' (1= Fy(0)) ) + F (0)].
Then similarly to the formula (11) we get:
1 oo

ES*|X,pl= . s
o 1—<<1—Fx<0>)p+Fx<0>)FX_I«I_FX(JO WX(O))XfX(x) x

Complete in the last integral the next replacement of the variable:
x=F' (1= Fy(0))g + F, (0)) .

Note thatat g=p x=F;'((1-F,(0))p+ F,(0),andat g=1 x = F;' (1) = +oo.
From the theorem of the derivative reverse function, it follows that

! |
= 1- F, (0))dq = L F O
F)?(Fil((l—FX(O))ﬁFX(O)))( R fX(F;;l((l—FX(O))q+FX(0)))( x(0)dg

Therefore, from (14) follows:

1
1= (1= Fy (0))p+ Fy (0))

ES'[X,pl=

1- F, (0)

[y (Fy (1= Fy (0)g + Fy(0)))
Fy (1= Fy (0))g + Fy (0))dg.

(15)

fF (= Fy(0))g+ Fy (0) fy (Fy ﬁ(l Fy(0))g+ Fy(0)))
1- F, (0)

" 1=((- £ (0)p+ £ (0)?
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Replacing another variable in the last integral: r =(1- F, (0))g+ F;(0).
Note that at g=p, r=(1-F;(0))p+ F;(0) , and at g=1 r=1and dr=(1-F;(0))dg, and means,

1

dg=———dr.
1= Fy(0)

Therefore, from (15) we get

1

1
ES*[X,pl= B (rdr
LX.p] 1—((1_Fx (O))P+FX (0)) (1—FX(0)J).11+Fx(0) ' o

of which, according to the formula (12) and we get the following important equation:

EST[X, pl= ES[X,(1- Fx (0))p+ Fy (0)]. (16)

Thus, in order to estimate the ES risk measure for the value of losses represented by the random value X,
provided that X >0, with confidence probability p, it is sufficient to assess the risk measured by ES for the size
of the losses presented by a random value X with confidence probability (1— F,(0))p+ F (0).

Note. Obviously, for any p € (0,1] the inequality is correct:

ES[X,,pl2 ES[X, p].

In the papers [6] and [7] examined the family of disaster risk measures “ES in degree t”, ES’[X, p], which
proved to be a subset of well-examined risk measurements considered in a large number of works (see [8-13])
of risk distortion expectation measures.

Let’s examine how risk assessments measured by catastrophic risk measurements ES*[X, p], relate to risk
measures ES[X, p].

Let’s start with the case when the value of the “degree” tin ES'’[X, p] is a natural number: ¢ = n.

Let us note that in this case, as demonstrated in the paper [6], the correct formula

ES™[X, pl= ES[X,1-(1-p)"], (17)

which calculates the risk measurement of ES n degree n with probability p, to the calculation of the normal
risk of ES with modified probability 1-(1- p)”.
Then, using the formulas (17) and (16) applied to the random value X, , we get

ES(”)+[X,p]= ES+[X,1—(1—P)n]: ES[X,(I—FX(O))(I—(I_p)n)+FX(O)]’

nim
ES“"[X,pl= ESLX,(1= F(0)(1=(1=p)") + F, (0)]. a8

Thus, in order to assess the risk measurement of ES in degree n, assuming that the loss value takes only
non-negative values X >0, with confidence probability p is sufficient to estimate the risk of ES for the value
of losses represented by the random value X with confidence probability (1—- F, (0))(1-(1- p)")+ F;(0).

Note. It follows from the formulas (17) and (18) that in any pe(0,1] is correct inequality:
ES"™[X,pl= ES"[X, p].
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There is considerable interest in the ratio between risk measures ES[X, p]and ES“"*[X, p]. In particular,
which risk measure gives a greater risk assessment ES‘”[X, p] or ES[X »pl?

It turns out that the following statement is correct:

Statement

1. If p> F,(0),then ES™*[X, p]< ES"V[X, p].

2. If p< Fy(0),then ES"*[X, p]> ES"V[X, p].

3. If p=F,(0),then ES™*[X, p]= ES™[X, p].

Proof

Remember that according to the formula (18)

ES™[X,pl= ES[X,(1-F,(0))(1—-(1-p)")+ F,(0)],

then
ES"V[X,pl= ES[X,1-(1-p)™'].
1. When p> F,(0), - p<1-F,(0), i.e. (1- p)™' < (1= p)"(1- F,(0)),
then1— F, (0)—(1— p)"(1— F, (0))+ F, (0) < 1—(1— p)"™!,
i.e.

(1= F (0)(A=(1= p)")+ Fy (0) <1-(1- p)"*'.
Then ES™*[ X, p]< ES™V[ X, p].

2. When p< F,(0), 1- p>1-Fy(0),ie. (1= p)y™ >(1-p)'(1- F,(0)),
then 1- F, (0)—(1— p)" (1= Fy (0))+ Fy (0) >1—-(1- p)"*',
i.e.
(1= Fy (0))(1=(1= p)")+ F (0) > 1= (1- p)"*".

Then ES™*[ X, p]= ES"V[ X, p].
3. When p = F,(0)
(1= Fy(0)(A—=(1-p)")+ Fy (0) = (1= p)(1—-(1-p)" )+ p=1-(1-p)"*".

Then ES™*[X, p]= ES"V[X, p].

Then, consequence is correct:

Consequence

1. If p> F,(0), then ES'[X, p]< ES?[X, p].

2. If p< F,(0),then ES*[X, p]> ESP[X, p].

3. If p=F,(0),then ES*[X, p]= ESP[X, p].

As is obvious (see [15]), without knowing the law of the distribution of losses, it is impossible to say which
of the amounts of risk ES[X, p] or VaR®[X, p] more.

Furthermore, as demonstrated in the work [17], a measure ES[X, p] is multiplied by a certain mix of risk
measures VaR?[X, p] ES®[X, p], namely, equal inequality ES[X, p]< pVaR®[X, pl+ (- p)ESP[ X, p]
for any confidence probability p, i.e. the value of the risk measure ES[X, p] does not exceed the probability-
weighted p and 1 — p sum of risks measures VaR*?[X, p] and ES®[X, p].

Then, obviously, the next series of inequalities is correct:

ES[X, pl< ES*IX, pl< pVaR?" X, pl+ (1= p) ES?*[X, p],
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enabling a more rigorous assessment of catastrophic risks through the conversion procedure, using a suitable
mix of risk measures VaR™®*[ X, p] and ES®*[X, p].

For instance, when the value of “degree” ¢ >1 in ES”’[X, p] is a random substantial number, which is
presented in the form ¢ =m+ o, where m — is its whole part, and a — is its fractional part (0 < a < 1),as
demonstrated in work [6], the formula is correct

ESU[X, p]= ES[X,1-(1- p)"(1-ap)], (19)

which calculates the risk measurement ES in degree t with probability p, to the calculation of the normal risk
measure ES with modified probability 1-(1— p)”" (1—op) ap.

Then, using the formulas (16) and (19) applied in this case, we get: ES[X, p]= ES*[X,1-(1- p)"(1-op)]=
ES[X,(1- Fy (0)(1-(1- p)"(1-0p)) + Fy (0)],

or
ES“*[X, pl= ES[X,(1- Fy (0)(1-(1- p)"(1-ap))+ Fy (0)]. (20)

Thus, for the assessment of the risk measurement ES in degree t for the value of losses represented by the
random value X, provided that X >0, with confidence probability p, it is sufficient to estimate the risk measured
by ES for the size of the losses presented by a random value X with confidence probability
(1-Fy(0)(A-(1-p)"(1-ap))+ Fy(0).

Note. It follows from the formulas (8) and (9) that for any pe(0,1] is correct inequality:
VaR""[X, pl=2VaR"[ X, p].

TRANSFORMATION OF RISK MEASURE ES AND ES® AND TRANSITION TO RISK MEASURE ES*
AND ES“* TO CLASSICAL LOSS DISTRIBUTIONS
Consider the formula for the conversion of risk measures ES and ES® to appropriate risk conditional
measures, provided that X >0 for some commonly used classical loss distributions.
Equal distribution of the value of losses X on the interval [a, b].
As you know (see, for example [15]), if XeUnila,b], then the formula is

(1-p)a+1+ p)b

correct ES[X, p]= >

In this case, we assume that a < 0, and b >0, the transition is not trivial.
In this case, using the formula (16), we get:

1 (-(0=Fy(0)p+ Fy(0)))a+1+((1+ Fy(0)) p+ Fy (0)))b
1- F, (0) 2 ’

EST[X, pl=

. . a
Note that in our assumptions F, (0) = s then

a a b a
(1_FX(O))p+FX(O):(1+b—a))p_b—a = b—ap_b—a , and means

[1—Lp+—]a+[1+ip——]b a1+~ b”)+b(1—" b”)

2 - 2
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Le.
a—bp a—bp)
a .

a(l+ )+b(1—
ES+[X,p]= b—a b—
Note, that p—s1 ES*[X,p]—b. 2
Let us proceed to obtaining the appropriate formula for the transformation of the risk measure ES[X, p]
for X € Unila,b]. Using the formula (19) and the expression for ES[X, p], we get

ES™'[X,pl= ES*[X,1-(1-p)']= [a(1+

)+b(1—

a—b(lb—(l—p)”) a—b(l—(l—p)"))]/z.
—a b—

Accordingly, the formula for ES“*[X, p] with a random correct value 7 > 1,7 = m + o takes the form:

ESOLX, p) =Mo" 000, g ambI=- D 00p),
—-a b—a

Variable exponential distribution of the value of losses X with parameters r anda, where r >0, ae R.
It can be proved that if X € Exp(r,a), the formula is correct (see Appendix 2)

ES[X,I,]:HLM_
r r

Applying in this case the formula (16) we get that

ES'[X.pl= at L MmA=(=F(0)p-F(0)
r

1-e",ifa<0

Note that in our case Fy (0)=
0.if a>0

1) if the value of the demolition a <0, then (1- F, (0))p+ F,(0)=e“p+1-e",
and we get

ES*[X.pl= ot =e"p) 1 ratin(=p)
r r r r

~Lom@-py).ie ES*1X.p1= -1 p));
r r
2) if the value of the demolition o >0, then (1-F,(0))p+ F,(0)=p,

we get EST[X, p]= ES[X, pl= OH-%_&?»_I))’ i.e. in this case, the transformation of the random

value does not change the value of the risk measure ES, which corresponds to the intuitive view of the
situation.
Thus, we have received the following formula:

L1 _Ind-p)

ES*[X,pl=4 T r
“(I=In(1-p)),ifa<0 -
-

ifa>0
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Let us proceed to obtaining the formula for the conversion of the risk measure ES™[X, p] for X € Exp(r,a).
Using the last expression and formula for ES™[X, p], we get:

L1 Ina-(-0-py)

Jifa>0
Es(n)Jr [X,p] — 1 r r
—(I-In(I-(A-(1-p)")),ifa<0 >
r
and means
pLomnd=p) 000
ES"™*[X,pl=3 4

—(=nIn(d-p)),ifa<0
’

From this formula, we can see that p —1 ES“™*[X, p] linear by n is aimed at +oo.
Accordingly, the formula for ES™*[X, p] with a random correct value ¢ >1, # = m+ « takes the form:

L1 In[d-p)"(d-op)]
ES(I)+[X,p] = r r
—(I=In[(-p)"A-op)].if a<0

Jif a>0

Triangular distribution of the X loss value with the tops of the base of the triangle in points g, and mode
k,where a,b, ke R and a<k<bh.
We can argue that if X € Tr(a,b,k), the formula is correct (see Appendix 3)

—a

2
b—gx/(l—p)(b—a)(b—k),lfPEI;

—[b+a k3 J-ark- a<\/<" ay; —J(b 5 L p< =2

ES[X, pl=

Applying the formula (16) in this case, we get that

b—%J(l—«l—FX<0>>p+FX<0)><b—a><b—k>,

z'pr("“’

= Fy(0)) /(1= Fy(0))
EST[X,p]l= —[b+a k+—\/(b a)(k —a) x

x(J( 2y —J( =5 =R+ RO

a

C 0/ (= F (0)

ifp<(l;:
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0,ifa=0
2
(b—a)(k—a)
o
(b—a)(b—k)
Lifb<0

Jfa<0<k

fk<0<bh

Note that in our case F, (0)=

and:

1) if >0, then
2)

k—a

b-2 =P bR i p>"
k—as | b-ks 5. k—a’
) J(b = =\p )i p <]

IL[bw_k% (b—a)(k—a)(J(
4

EST[X, pl=

i.e. in this case B atom ciyuae ES*[X, p]= ES[X, p], which corresponds to our intuitive view of the
transformation process;

3) if a<0<k,and

G2 0 /0= Fy(0) = ‘IZ:Z‘(b_a?:k_a)’/“‘#;_m):
_ kik—2a)
k(b—a)—ab’
b—%Ju—«l— (b_a‘)’:k_a)>p+ (b_a‘)’:k_a)>1(b—a>(b—k>,
VPZ%;
weget  ES'IX.pl- ﬁlbw—k—ap+§\/(b—a)(k—a)(\/(/;:Zf —J(%ﬁ -

PR A VO S Y |
b-a) k)" (b-a)(b—k)

k(k —2a)

VP to—a)—ab

4) if k<0<b,we get
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2 b* b
_EJ[(b—axb—k)_<b—a><b—k> PHo=a G-,
. k(k—-2a)
VP o —ab’

ESTIX,p]= ﬁ[b+a—k+§«/(b—a)(k—a)x

k—as | b—k; b’ P 3
x(\/(b—a) \/(b—a) \/((b—a)(b—k)p+1 b-a6-1) )

. k(k —2a)
VP b—a)—ab
2
b—gb l—p
. k(k-2a) |
lfpzk(b—a)—ab’
or ES[X,pl= —[b+a k+—\/(b a)(k —a) x
3 b’(1-p) s
\/( \/( t-00-0
. k(k—2a)
lfp<k(b—a)—ab
5) if b< 0, we get
ES*[X,pl=b,

i.e. in this case, with any credible probability of positive values of risk (loss) does not occur.

The formulas for the conversion of risk measures ES[X, p] and ES”[X, p] for X € Tr(a,b,v) is easy
to write using the formulas (18) and (20) the expressions for ES[X, p] in the case of triangular distribution
obtained in Appendix 3. Because of their size, we do not bring them here.

Normal distribution of the value of losses X with parameters a and s (¢ — value of expected losses, s — is
the standard deviation of the losses), where s >0, ae R.

As is known (see, for example, [8]),if X € Nor(a,s), then the formula is correct

exp(=0,5k2 )

a- P)\/E

where k b standard normal distribution (with parameters ¢ =0 and s=1).
Applying the formula (16) in this case, we get that

ES[X,pl=a+

2
exp(—0 5k(1 FX(O))p+FX(0))

(1- pW2m

EST[X,pl=a+

Note that in our case F,(0)= %, then

exp(-0 Sk0 540, 5)

(1- pV2m

ES*[X,pl=a+
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Let us proceed to obtaining the formula for the conversion of the risk measure ES™[X, p] for X € Nor(a,o)
the transition to the appropriate risk conditional measure.
Using the formula (18) and the expression for ES*[X, p], we get:

2
exp(-0, 5ko,5(1—(1—p)" )+0,5 ) p

(1-pW2n

ES"™[X,pl=a+

From this formula you can see that at p —1 ES*[X, p] is aimed at +o at a speed that increases with
the growth of n.
Accordingly, the formula for ES®*[X, p] with a random correct value ¢ > 1,7 = m+ « takes the form:

2
eXp(_O’Sk(),S(l—(l—p)"’(l—ocp))+0,5) s

(1- p2n

ESY*[X,pl=a+

CONCLUSION

Most often we assume that the value of losses X is a random value distributed throughout the line (—co,+<0).
But sometimes researchers study the losses, assuming they are non-negative, X >0. In this paper, we first
explore how the distribution of probability of this value is transformed by such a transition. We examine the
formulas of transformation of risk assessment of different catastrophicity when adding this condition. As it
turns out, when the random value of losses X, is replaced by the value X, , this does not affect the assessment
of risk measures such as VaR, ES, VaR" and ES".However, when the random loss distribution is replaced
by its conditional distribution under the X >0, condition, both the risk assessment formulas and their
assessment values are changed, sometimes significantly.

We hope that the results of this study will contribute to a better understanding of the theoretical
assertions relating to risk measurements, as well as the results of practical risk assessments, depending
on whether the assessment was based on allowing losses to accept negative values or focusing just on
positive values.
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FINANCIAL RISKS

APPENDICES
Appendix 1
Statement (1
If X € Exp(r,a), then the formula is correct VaR[X, p]= a—u.
Proof
From the definition VaR[X, p] it follows that its significance in any p e (0,1] is the solution of
the equation In(l— p)
Fy(x)=p,li.e. 1-e"> = p , solving this equation relative to x, we get x = a- 207D ,
,
and therefore VaR[X, p]= a—m.
r
Appendix 2
Statement I In(—p)
If X e Exp(r,a), then the formula is correct ES[X, p]= ar——207P)
r r

Proof
It follows from the definition in Appendix 1 that:

VaR[X,p]za—M,
r

1§ 2 _
but then ES[X, p]:—jVaR[X,q]dq, we get: ES[X,p]=— | (a-n0=Dy ;.
I-p 1 1-p 1 r

Applying the integration by parts, we get:
1 1 17
ESIX,pl=——(a-ap+—(1-g)In(1-q) , +- [dg) =
1-p r re

- pta- pina-py+La-py= - L Ind=P) then ESX. pl=a+ L-0=P)
I-p r r r r r r

Appendix 3

Statement
If X eTr(a,b, k), then the formula is correct

k—a

b—%J(l—p)(b—a)(b—kxzfpz -

LS N (T Pyl I dul A B Ml S R FEIN NS Sl )
= lra—k Sb-ak a)(\/(b—a) \/<b_a> rirp<, =

ES[X, pl=

Proof
As you know (see [12]), if the value of losses is a random value X e Tr(a,b,k), then the formula

is correct

b=\[(1—p)(b—a)(b—k),if k < a(l-p)+bp

VaR| X, p]=
R P {a+\/p(b—a)(k—a),ifk>a(1—p)+bp.

However, since inequality k<a(1-p)+bq is equal to inequity p> 5

, and inequality

k >a(1-q)+ bq is equivalent to inequality p < I;—k, the expression for VaR[X, p] can be rewritten as:
—a
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. k—
b= p)b-a)b=k).if p2—
VaR[ X, p)= . —a
a+\[p(b—a)(k=a).if p<-—=.
b-—a
As we know, the formula is correct ES[X, p]——JVaR[X qldq .

There are two possible cases:

, then

. k—a
a) if p>
) it p P

1
ESLX.pl= 16 -JA=0) 66—k g =

=g+ 1= =0 6-kDly= (1= D)~ p) (b-a) b)) =
-p 3 I-p 3

=b—§J<l—p><b—a>(b—k>>,

i.e.

ES[X,p] =b—§¢(l—p)(b—a)(b—k>) ;

b) if p<X=9 then
b—a

;\\
Q

B‘

—a 1
ES|X, p]——j[aa/q(b b~k Mg+ — j [b-(=g)(b=a)(b—F)ldq =
P i

b-a

k-a
:—1_1p[aq+§ ¢ (b-a)(b-k)1[5 + ﬁ[bq%ﬂl—qf(b—a)(b—k)]|1k—a=
b—a

RS Sl RN 3 vy sy Al VSl AR
=G - p - DG =P+

+b(1—IZ:Z)—§«/(b—a)(b—k) (

S SRR 3 7 vy Sy Al (ol A B VLl 2SS P
= lba—k-ap+3J6-a)b k)(\/(b—a) \/(b_a> Jrl.

Thus, we get:
k—a
~ b-a

LTSRN Y ey vl Il S B MLl SR BEING SN Sl
= lbra—k+ S J-ak a)(\/(b—a) \/<b_a> JPirp <=

b—%J(l—p)(b—a)(b—kxzf

ES[X, p]=
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