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ABSTRACT
In recent years, the theory of stable variables has seen many exciting developments, due to the fact that it is a very rich
class of probability laws able to represent different asymmetries, and heavy tails, so modelling complex phenomena;
unlike normal law, which very often underestimates extreme events. a-stable distributions are a class of heavy-tailed
distributions. For that, we will start in this paper by presenting a review of graphical tests, which will help us to verify
if we are in the presence of data with infinite variance or not, and more precisely of stable distribution. Then we will
apply these tests to real data representing car claim amounts, allowing us to assume that our sample follows a stable
distribution. In order to confirm this hypothesis, we will therefore estimate the four parameters of the distribution using
the McCuloch method, as well as the Koutrouvelis method in order to be able to make the diagnosis with Kernel Densi-
ties, and finally we will demonstrate that a-stable distribution is better fitted to the car claim amount data by using the

Kolmogorov test.
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INTRODUCTION

For any company, it’s often essential to develop adequate

strategies for efficient portfolio management to deal with

probable risks. To do this, it is often sought to develop

representative mathematical models, to be used as tools

for analysis, forecasting and simulation for decision

support. The choice of model is very important and as

we know, Gaussian processes and variables have been

studied for a long time and their usefulness in stochastic

and statistical modelling is well accepted. However, they

don’t allow for large fluctuations and may sometimes be

inadequate for modelling high variability. That’s why it’s

important to focus on other families of laws and processes,
such as stable random variables and processes, which

naturally appear as alternative modeling tools. In recent
years, the theory of stable variables has seen many exciting
developments, due to the fact that it is a very rich class of
probability laws able to represent different asymmetries,
and heavy tails, so modelling complex phenomena.

o -stable distributions are a class of heavy-tailed
distributions, this class was characterized by [1], in his
paper the sum of independent and identically distributed
variables. This class has a great importance in the theory
of extreme values, because stable distributions can be
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characterized from the Generalized Central Limit Theorem
given by Gnedenko and Kolmogorov (1954) [2] and
indicates that if the condition of finite variance is not
respected, the only possible limit law of the sum of n
random variables (iid) is a Stable law. For all these reasons,
we have chosen to focus on stable distribution for fitting
claims amounts of car insurance.

HEAVY-TAILS DISTRIBUTION

In this section, we present briefly the notion of heavy-
tailed distribution and various classes of such
distributions. It is not easy to define heavy tails

distribution precisely, but several definitions have been
associated with such distributions according to

classification criteria. The easiest characterization is
based on the comparison with the normal law [3]. The
distribution of a r.v X with mean M and variance G>

and is said to have a heavy tail if:

E[(X—M)q 3 )

64

This is equivalent to saying that a distribution is heavy-
tailed if and only if its kurtosis (the 4™ central moment) is
higher than the normal distribution (for which it’s equal
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to 3), this indicates high peaks and fat tails (leptokurtic).
Kurtosis less than three (<3) indicates lower peaks. The
criterion, given by equation (1) is very general and can’t
be applied if the 4th moment of a random variable doesn’t
exist.

Unfortunately, it is not easy to define heavy tails
precisely, and there is no criterion to classify all
distributions relative to the right tail. We present in this
section five classes of heavy-tailed distributions, borrowed
from [4]:

« Distributions with no exponential moments (E);

 Subexponential distributions (D);

« Distributions with regular variations (C);

« Distributions with Pareto behaviour (B);

. O -Stable distributions with o < 2 (A).

For these classes we have the following relationships:

AcBcCcDcE

These classes of distributions are nested, the broadest
class E encompasses all distributions with £ (eX ) =oo.
All distributions of class E are heavy-tailed with respect
to the normal distribution (the tail probability

P(X > x)=1-F(x)of the normal distribution declines
faster than exponentially).

ALPHA-STABLE DISTRIBUTION

The class of stable distributions is defined by means
of their characteristic functions. With very few
exceptions, no closed-form expressions are known for
their densities and cumulative distribution functions,
see [5] or [6, 7].

Definition: A random variable X is said to have a
stable distribution, X €S, (B, u,y) if its characteristic
function ¢ (t) = Ee™ has the following form:

Oy (f)=exp {iut —y*[f[* (l—iBsign(t)W(oc,t))}, telR,(2)

where
mnoc_zn if a=1
W (o,t)= 5
~Zloglt| if  a=l
T
and 1 if t>0
sign(t): 0 if t=0
-1 if t<0
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The stable laws are described by four parameters:

o Index of stability 0 < o0 < 2 : determines the rate at
which the tails of the distribution taper off. When o, = 2,
the Gaussian distribution results, when ot < 2, the
variance is infinite and the tails are asymptotically
equivalent to a Pareto.

o Skewness parameter 3 € [—1,1] :when [ is positive
(negative), the distribution is skewed to the right (left),
when =0, the distribution is symmetric about the
location parameter W.As o approach 2, 3 loses its
effect and the distribution approaches the Gaussian
distribution regardless of 3.

o Location parameter | € IR : determines the shift
of the mode (the peak) of the density.

o Scale parameter ¥ >0 : determines the width,
when y=1and p =0 the distribution is called standard
stable.

STATISTICALTESTS
FOR STABLE LAW

In this section, we describe two graphics tests that may
allow us to know if we are in the presence of an infinite
variance law or not [8, 9]. For this, we suppose that we
have a sequence of observations x,....,x, ) -

Test 1:

This first test is the simplest and most used, it’s
decomposed into two parts:

« Calculate the variance for different values of #:

52 =ﬁ2(xi %) 3)
i=1

o Draw the graph (n, S,f)

Distribution has finite variance, then there exists a
finite constant c, such as:

N _\2
82 =——> (x,—X)" —cas n— o> Almost surely,
n-143
and vice versa.

When # increases and when the variance is finite, the
plot must converge (see Fig. 2 for o0 = 2); On the contrary,
if we are in the presence of a law with infinite variance,
the plot diverges, and does not especially grow
exponentially, as some received ideas suggest.

Test 2:

This second test is based on the fact that stable
distributions have asymptotically the same behaviour
as a Pareto distribution:
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lim t“P(|X |> t)z YC (o) 4) Also here we have two steps:
f—o0
Soin +eo we have dlogP(|X|)>t o Fix ¢t and calculate g(t):log(lZIX.»]
—————————————————————————— n N g
dlogt =l

« Draw the graph (log t, g(t)) and see if the slope

dloglP (|X | > t) dlogIP (|X| > t) is equivalentto ¢ is finite from some value of ¢.

dlogt dlogt

a0
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Fig. 1. Histogram of S, (1,0,1)
Source: Compiled by the authors.
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Fig. 2.Test 1 for S, (1,0,1) rv

Source: Compiled by the authors.
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—a=1

a=17——a=13——a=07

Fig. 3. Test 2 of S, (1,0,1) rv for Different Value of o

Source: Compiled by the authors.

EXAMPLES

OF GRAPHICS TESTS
For understanding the previous tests, we simulated
by Chambers, Mallows and stuck methods [10, 11]
many sequences of o -stable r.v for different values of
o :0.7,1.3,1.7 and ov=2, with =1, u=0 and
Y=1.Ther.v.is S, (1,0,1), for this, the distribution is
skewed to the right. In first, we present the histogram
of stable distribution for different values of o in
Fig. 1.

As shown in Fig. 2, for a population with finite
variance (like Gaussian distribution for oo =2), the
partial variance soon settles down close to the
population variance (converges to a constant). For a
population with an infinite variance, we see jumps up
in the partial variance followed by slow declines until
the next very large value appears in the sample. When
n increases, the series of empirical variance not only
diverges, but also oscillates with a high frequency
for <2.But when o.=2 the series of variances no
longer varies and becomes stable, and in Fig. 3, only
the case o = 2 gives a finite slope (the slope is a vertical
line when n — o).

APPLICATION
IN NON-LIFE INSURANCE
Standard Mathematical Model
In the most general case a risk process R(t)
representing the behaviour of an insurance company is
described by the following equation:
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R(t)=u+ct-S(¢). 5)

Where u is the initial capital, c is the constant premium
rate and S (t) is the claim process defined by:

N(r)
S()=Y.x, 6)
i=1

{X ; }i2 1Sequence of independent, positive, identically
distributed r.v, which represent claim severities.

N, : Number of claims in (0, t], we assume that X,
and N, are independent.

This model is known as the classical risk process or
Cramér-Lundberg model [12], where § (l) is a compound
Poisson.

As we can see, the aggregate claim amount S (t) is
a random sum of random variables. And for good risk
management of the insurance company, it needed to
have good modelling of this sum (claim process), which
depends essentially of claims amounts and their
frequencies. To do this, we must examine sequences of
real data to have the best estimate of the claim amount
distribution.

Statistical Analysis

of Real Data
For a good modelling of the risk, it’s important to know
the distribution of claim amounts. For this, we propose
to study the daily real data from an insurance company
over a period of one year (2017 and 2018) using Matlab
R 2021a. Fig. 4 and Fig. 5 give us the behaviours of claims
amounts.
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It’s clear that there is considerable jump in the claims
amount, especially in 2018.

In Fig. 6, we can see that we have the asymmetric
leptokurtic features, that is, the claim distribution is
skewed to the right, and has a higher peak and heavier
tail than those of the normal distribution.

Histograms of our data are similar to the histogram
of o.-stable distribution for o < 2 (see Fig. 1), which is
skewed right. So, the o-stable distribution can be seen
as a useful tool to capture the asymmetric leptokurtic
features of the claim amount, which is confirmed in Fig. 7
and Fig. 8 corresponding to the results of tests 1 and 2 for
real data.

Through Fig. 7 and Fig. 8, we can see that the behavior
of our data sample is closer to the stable law. The empirical
variance of all our data sets (Fig. 7) oscillates with a high
frequency, and the slope of our data sets is not finite
(Fig. 8).

TEST AND DIAGNOSTICS
O -Stable Parameter’s Estimation
There are different methods for estimation of the stable
distribution parameters; we will only define the two
methods used in this work.
Quantile Method:
McCulloch [13] generalized the sample quantile
methods for symmetric stable laws (B =0,u =0) with
o >1 of Fama and Roll (1971) [14] and provided
consistent estimators of all four stable parameters
(with the restriction o >0.6. He uses five sample
quantiles (with ¢ = 0.05, 0.25, 0.5, 0.75, 0.95) and
matches the observed quantile spread with the exact
quantile spread in stable distributions, for more details
see [15] or [16].
Empirical Characteristic Function Method:

Koutrouvelis [17] presented an accurate regression-
type method which starts with an initial estimate of

2,5 = 10‘5—5
2, = mf'—f
1,5 mf'—f
1, = 10‘5—;
5,>-<1EI§-E | |

100 200 300 400 300 @00 YOO o &00

1, % 106
8,:-(105::
5,x1|35::
3,>c1|35::
1,><1|35::
100 200 300 400 500 600 700

Fig. 4. Claims Amount

Source: Compiled by the authors.
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-2, % 100

Fig. 5. Increment of Claims Amount (X,,, - X;)

Source: Compiled by the authors.
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Fig. 8.Test 2 for Real Data

Source: Compiled by the authors.

the parameters and proceeds iteratively until some
prespecified convergence criterion is satisfied. The
regression method is based on empirical Characteristic
Function [16].
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For our estimation, we used stbl code of M. Veillette
[18]. stbl is a free MATLAB library for working with alpha
stable distributions. The results obtained for 2018 are
summarized in the Table 1.
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Table 1

Parameter’s Estimation of Real Data of 2018

Koutrouvelis 1.0571

7.2869e+04

1 5.7990e+03

McCulloch 0.9563

0.9836 4.9322e+03 -6.1482e+04

Source: Compiled by the authors.

Diagnostic with Kernel Densities and Cumulative
Distribution Function:

First, we use the diagnostic with Kernel densities
to verify whether or not the stable fit describes the
claim’s amount data well. This consists in making a
smoothed density plot of the real data, then comparing
it to the density plots of a stable law with the parameters
estimated previously. If there are clearly multiple
gaps in the media, the data cannot come from a stable
distribution.

In Fig. 9 we can observe that, the claim’s amount
is distributed similarly to o -stable distribution and
in Fig. 10, how give us, a comparison among the
empirical cumulative distribution function CDF built
from claim’s amount data set and o-stable

distribution CDF, we can show clearly that there are
almost identical.

For confirmation of our hypothesis, we used the
Kolmogorov test, how is based on the maximum distance
between these curves (ECDF and CDF).

Kolmogorov Test
This test is used as a test of goodness of fit. It
compares the empirical cumulative distribution
function F, (x) for a variable with a CDF of specified
distribution F(x).
H,:F,(x)=F(x) Against all of the possible
alternative hypotheses

H,:F,(x)#F(x).

& 10°%
Kemaldensity
—— outrouvelis

5 b —— MeCulloch
4 F
a3t
2 |

1t

o - : F

-1 0 1 2 4 5 5] 7

=10%

Fig. 9. Kernel Density Estimation
Source: Compiled by the authors.
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Emgirical COF
— CDF Koutrouwelis
— CDF McCulloch

Fig. 10. Comparison between ECDF and Stable CDF

Source: Compiled by the authors.

The null hypothesis assumes no difference between
the observed and theoretical distribution and the value
of test statistic * D, ’ is calculated as:

D, =Sup, g {Fn (x)—F(x)}.

H, isrejected if Dy > D, (n).Where D, (n) is the
critical values, of the maximum absolute difference
between sample F, (x) and F (x)

We recall that there is no formula for the stable law
distribution function, so we have estimated by using
Stblcdf code of Veillette M [18].

We have Dy < D, (n), sowe accept H,, . Conclusion,
the claim’s amount can be well captured by an o -stable
distribution (Table 2).

CONCLUSIONS

In this paper, we have reviewed the different
technical diagnostics to verify and show that
some data with heavy tails are well described by
stable distributions, because they can model large
fluctuations. We have shown through the empirical
study and the diagnostics with Kernel densities
that the stable distribution gives a perfect fit of the
claim’s amounts of car insurance; this result is very
important and can help an insurer and an actuary to
develop adequate strategies for risk management. In
our future study, we will be interested by minimizing
the ruin probability, as well as the estimation of the
Lundberg coefficient for stable distributions of car
claim’s amount.

Table 2

The Results of Kolmogorov Test

Statistic of

Koutrouvelis

0.031

Kolmogorov D,

Mc-Culoche

0.077

Source: Compiled by the authors.
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